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(f1. Athens and Cyzicus, middle of fourth century b.c.)
mathematics.

In the summary of the history of Greek geometry given by Proclus, derived at this point from Eudemus, it is stated that
“Amyclas of Heraclea, one of the friends of Plato, and Menaechmus, a pupil of Eudoxus and associate of Plato, and his brother
Dinostratus made the whole of geometry still more perfect” ! There is no reason to doubt that this Menaechmus is to be
identified with the Manaechmus who is described in the Suda Lexicon as “a Platonic philosopher of Alopeconnesus, or
according to some of Proconnesus, who wrote works of philosophy and three books on plato’s Republic” > Alopeconnesus was
in the Thracian Chersonese, and Proconnesus (the Island of Marmara) was in the Propontis (the Sea of Marmara), no great
distance from it; and both were near Cyzicus (Kapiddi Yarimadasi, Turkey), where Eudoxus look up his abode and where
Helicon, another pupil, was born.2 This dating of Menaechmus, about the middle of the fourth century b.c., accords with an
agreeable anecdote reproduced by Stobaeus from the grammarian Serenus; when Alexander the Great requested Menaechmus
to teach him geometry by an easy method, Menaechmus replied: “O king, for traveling through the country there are private
roads and royal roads, but in geometry there is one road for all.”* A similar story is told of Euclid and Ptolemy I;* but it would
be natural to transfer it to the more famous geometer, and the attribution to Menaechmus is to be preferred. If true, it would
suggest that Menaechmus was the mathematical tutor of Alexander. He could have been introduced to Alexander by Aristotle,
who had close relations with the mathematicians of Cyzicus.® A phrase used by Proclus in two places —of el Mévarypov
poOnuotikoi—implies that Menaechmus had a school;? and Allman has argued cogently that this was the mathematical
school of Cyzicus, of which Eudoxus and Helicon (probably) were heads before him and Polemarchus and Callippus after
him 2

According to Proclus, Menaechmus differentiated between two senses in which the word, GIOLxefov, “element,” is used 2 In
one sense it means any proposition leading to another proposition, as Euclid I.1 is an element in the proof of 1.2, or 1.4 is in that
of I.5; and in this sense propositions may be said to be elements of each other if they can be established reciprocally —for
example, the relation between the sum of the interior angles of a rectilineal figure and the sum of the exterior angles. In the
second sense an element is a simple constituent of a composite entity, and in this sense not every proposition is an element but
only those having a primordial relation to the conclusion, as the postulates have to the theorems. As Proclus notes, this is the
sense in which “element” is used by Euclid, and Menaechmus may have helped to fix this terminology.

In another passage Proclus shows that many so-called conversions of propositions are false and are not properly called
conversions, that is, not every converse of a proposition is true,'® As an example he notes that every hexagonal number is
triangular but not every triangular number is hexagonal, and he adds that these matters have not escaped the notice of the
mathematicians in the circle of Menaechmus and Amphinomus.

In yet another passage Proclus discusses the division of propositions into problems and theorems.t While the followers of
Speusippus and Amphinomus held that all propositions were theorems, the school of Menaechmus maintained that they were
all problems but that there were two types of problems: at one time the aim is to find the thing sought, at another to see what
some definite thing is, or to what kind it belongs, or what change it has undergone, or what relation it has to something else.
Proclus considers that both schools were right; it might be argued with equal justice that both were wrong and that the
distinction between theorem and problem is valid.

It is clear from these references that Menaechmus gave much attention to the philosophy and technology of mathematics. He
must also have applied himself to mathematical astronomy, for Theon of Smyrna records that Menaechmus and Callippus
introduced the system of “deferent” and “counteracting” spheres into the explanation of the movements of the heavenly bodies
(ot T uév pepoveag, Thg 8¢ dvelrtovaag e{onyoavto)..2 The terms mean that one of the spheres bears the heavenly
body; the other corrects its motion so as to account for the apparent irregularities of their paths. Eudoxus was the first to devise
a mathematical model to explain the motions of the sun and planets, and he did so by a highly ingenious system of concentric
spheres, the common center being the center of the earth. The sun, moon, and planets were each regarded as fixed on the
equator of a moving sphere; the poles of that sphere were themselves borne round on a larger concentric sphere moving about
two different poles with a different speed; and so on. For the sun and moon Eudoxus postulated three spheres; for the planets,
four. The modifications in this system made by Callippus are known in some detail. For example, he added one sphere for each
planet except Jupiter and Saturn and two spheres for the sun and the moon—five in all. Nothing more is known of
Menaechmus’ contribution than what Theon relates, but he would appear to have been working on the same lines as Callippus.
T. H. Martin conjectured that Menaechmus made his contribution in his commentary on Plato’s Republic when dealing with
the passage on the distaff of the Fates.”It is not, however, on these achievements but on the discovery of the conic sections that



the fame of Menaechmus chiefly rests. Democritus had speculated on plane sections of a cone parallel to the base and very
near to each other, ** and other geometers must have cut the cone (and cylinder) by sections not parallel to the base; but
Menaechmus is the first who is known to have identified the resulting sections as curves with definite properties.

The discovery was a by-product of the search for a method of duplicating the cube. Hippocrates had shown that this could be
reduced to the problem of finding two mean proportionals between two lines, and Menaechmus showed that the two means
could be obtained by the intersection of a parabola and a hyperbola. His solution is given in a collection of such solutions
preserved by Eutocius in his commentary on Archimedes’ On the Sphere and the Cylinder > Another of the solutions, by
Eratosthenes, is introduced by a letter purporting to be from Eratosthenes to Ptolemy Euergetes!® The letter is spurious, but it
quotes a genuine epigram by Eratosthenes written on a votive pillar to which was attached a device for effecting the solution
mechanically. The epigram included the lines:'

Try not to do the difficult task of the cylinders of Archytas, or to cut the cones in the triads of Menaechmus or to draw such a
pattern of lines as is described by the god-fearing Eudoxus.

Proclus, in a passage derived from Geminus, also attributes the discovery of the conic sections to Menaechmus and cites a line
from the verses of Eratosthenes in the form M) 8¢ Mevauyuiovg kmvotueiv Touddag.'® He notes again in his commentary on
Plato’s Timaeus that Menaechmus solved the problem of finding two means by “conic lines” but says that he prefers to
transcribe Archytas’ solution.”

Eratosthenes’ epigram implies not only that Menaechmus was aware of the conic sections but that he was aware of all three
types and saw them as sections of a cone—that is, not as plane curves that he later identified with sections of a cone. The proof
itself shows also that he knew the properties of the asymptotes of a hyperbola,” at least of a rectangular hyperbola, which is
astonishing when it is remembered that Apollonius does not introduce the asymptotes until his second book, after the
properties of the diameter and ordinates have been proved. There are no signs of any knowledge of the conic sections before
Menaechmus, but with him it suddenly blossomed forth into full flower.2"

The proof as we have it cannot reproduce the words of Menaechmus himself and no doubt has been recast by Eutocius in his
own language, or by someone earlier 2 It uses the terms maQofoAf) and vrepBolr| although these words were first coined by
Apollonius; and we have the evidence of Geminus, as transmitted by Eutocius, that “the ancients” (oi walowot) used the names
“section of a right-angled cone” for the parabola, “section of an obtuse-angled cone” for the hyperbola, and “section of an
acute-angled cone” for the ellipse 2 This is undeniable evidence that at the time of “the ancients™ the three curves were
conceived as sections of three types of cone. But how ancient were “the ancients” Pappus gives a similar account to that of
Geminus but says these names were given by Aristaeus;** and there is some reason to believe that the name used by
Menaechmus for the ellipse was Ovedg, because its oval shape resembled a shield.” The question of name is not so important
as the question behind it: whether Menaechmus discovered his curves as sections of cones or whether he investigated them as
plane curves, which were only later (by Aristaeus?) identified with the curves obtained by plane sections of a cone. It will be
necessary to return to this question later.

The term (’XG\;},LTE‘C(D’EOl employed by Eutocius, would also not have been used by Menaechmus, who probably used the
expression o £€yyiota evbeion Tig TovV AuPAVYwviov kdvov o or simply al €yyiota which is found in Archimedes, who
also employed the old names for the sections. Other terms that Menaechmus would not have used are ozwv, “axis,” and 606{a
ThevQ{ or latus rectum.

By way of introduction to Menaechmus’ proof it may be pointed out that if x, y are two mean proportionals between a, b, so
that

a:xX=x:y=y:b,
then

x* = ay

and

Xy = ab.

These are easily recognized today as the equations of a parabola referred to a diameter and a tangent at its extremity as axes
and the equation of a hyperbola referred to its asymptotes as axes; the means may therefore be obtained as the intercepts on the
axes of a point of intersection of a parabola and hyperbola, but Menaechmus had to discover ab initio that there were such
curves and to ascertain their properties.

He proceeded by way of analysis and synthesis.



Suppose the problem solved. Let a, b be the given straight’lines and x, y the mean proportionals —where the letters both
indicate the lines and are a measure of

their length—so thata: x =x : y =y : b. On a straight line OY given in position and terminating at O, let ON =y be cut off,
and let there be drawn perpendicular to it at N the straight line PN = x. Because a : x = X : y, it follows that ay = x> or a - ON =
x” that is, a - ON = PN?, so that P lies on a parabola through O. Let the parallels PM, OM be drawn. Since xy is given, being
equal to ab, PM - PN is also given; and therefore P lies on a hyperbola in the asymptotes OM, ON. P is therefore determined as
the intersection of the parabola and hyperbola.

In the synthesis the straight lines a, b are given, and OY is given in position with O as an end point. Through O let there be
drawn a parabola having OY as its axis and latus rectum a. Then the squares on the ordinates drawn at right angles to OY are
equal to the rectangle contained by the latus rectum and the abscissa. Let OP be the parabola, let OM be drawn perpendicular
to OY, and in the asymptotes OM, OY let there be drawn a hyperbola such that the rectangle contained byz the straight lines
drawn parallel to OM, ON is equal to the rectangle contained by a, b (that is, PM. PN = ab). Let it cut the parabola at P.

and let the perpendiculars PM, PN be drawn. Then by the property of the parabola
PN’ = a- ON.

that is,

a: PN = PN : ON,

and by the property of the hyperbola

ab = PN. PM = PN. ON.

Therefore
a:PN=ON :b,
and

a:PN=PN:ON=ON:b.
Let a straight line x be drawn equal to PN and a straight line y equal to ON. Then q, x, y, b are in continuous proportion.

This solution is followed in the manuscripts of Eutocius by another solution introduced with the word “AAM®S, “Otherwise,”
in which the two means are obtained by the intersection of two parabolas.

In the figure, AO, BO are the two given straight lines, the two parabolas through O intersect at P, and it is easily shown that
BO :ON = ON : OM = OM: OA,

or

a:x=x:y=y:b.

The proof is established by analysis and synthesis as in the first proof, and it corresponds to the equations

X’ = ay

y* = bx.

It has hitherto been assumed by all writers on the subject that this second proof is also by Menaechmus, but G. J. Toomer has
discovered as proposition 10 of the Arabic text of Diocles’ On Burning Mirrors a solution of the problem of two mean
proportionals by the intersection of two parabolas with axes at right angles to each other, and with latera recta equal to the two
extremes, which looks remarkably like the second solution;? and it is followed as proposition 11 by another solution which is
identical in its mathematical content with that attributed to Diocles by Eutocius. Toomer believes that the second solution
should therefore be attributed to Diocles, not to Menaechmus. A final judgment must await publication of his edition of
Diocles, but it may at once be noted that there are differences as well as resemblances. In particular, in the Arabic text Diocles
starts from the focus-directrix property of the parabola— of which Menaechmus shows no awareness —and in order to get his
means deduces from it the property that the ordinate at any point is a mean proportional between the abscissa and the latus



rectum. It could be that Diocles found his solution independently, or he may have made a conscious adaptation of
Menaechmus’ solution in order to start from the focus-directrix property.

C. A. Bretschneider first showed how Menaechmus could have investigated the curves, and his suggestion has been generally
followed . ” In a semicircle the perpendicular from any point on the circumference to the diameter is a mean proportional
between the segments of the diameter. This property would have been familiar before Menaechmus, and Bretschneider thinks
it probable that he would have sought some similar property for the conic sections. We know from Geminus, as transmitted by
Eutocius, that “the ancients” generated the conic sections by a plane section at right angles to one side (generator) of the cone,
getting different curves according to whether the cone was right-angled, obtuse-angled, or acuteangled.® If ABC is a right-
angled cone and DEF is a plane section at right angles at D the generator AC, the resulting curve where the plane intersects the
cone is a parabola. Let J be any point in DE, and through J let there be drawn a plane parallel to the base of the cone. It will cut
the cone in a circle. Let it meet the parabola at K. The planes DEF and HKG are both perpendicular to the plane BAC, and their
line of

intersection JK is thus perpendicular to the diameter HG. Therefore.
JK*=HJ.JG=LD.JG =DJ.DM,

because JDG and DLM are similar triangles. That is to say, the square on the ordinate of the parabola is equal to the rectangle
contained by the abscissa and a given straight line (latus rectum), which is the fundamental property of the curve.
Bretschneider demonstrates in similar manner the corresponding properties for the ellipse and hyperbola.

Despite Eratosthenes’ epigram, the clear statement of Geminus, and the evidence of the early names, it has been doubted
whether Menaechmus first obtained the curves as sections of a cone. Charles Taylor suggests that they were discovered as
plane loci in investigations of the problem of doubling the cube * In support he argues that Menaechmus used a machine for
drawing conics, that in his solutions he uses only the parabola and hyperbola, and that the ellipse —the most obvious of the
sections of a cone—is treated last by Apollonius; but he agrees that the conception of a conic as a plane locus was immediately
lost. If it be the case that such names as “section of a right-angled cone” were introduced by Aristaeus after the time of
Menaechmus, this raises a slight presumption that Menaechmus did not obtain the curves as sections of a cone; but it can
hardly outweigh the evidence of Eratosthenes and Geminus.2

Allman believes that Menaechmus was led to his discovery by a study of Archytas’ solution of the problem of doubling the
cube. “In the solution of Archytas the same conceptions are made use of and the same course of reasoning is pursued, which,
in the hands of his successor and contemporary Menaechmus, led to the discovery of the three conic sections.”! This is more
than likely. The brilliant solution of Archytas must have made a tremendous splash in the mathematical pool of ancient Greece.

If it be granted that Menaechmus knew how to obtain a hyperbola by a section of an obtuse-angled cone perpendicular to a
generator, how did he obtain the rectangular hyperbola required for his proof? H. G. Zeuthen showed how this could be done 2
In Figure 4, TKC is a plane section through the axis

of an obtuse-angled cone, AP is a perpendicular to the generator 7K and a plane section through A parallel to the base meets
TC at 1. If P is the foot of an ordinate to the hyperbola with value y, then

Y’=GP-PH
=AP- PQ
where AP = x and A'P =x'.

The hyperbola will be rectangular if A’A = 2AL. The problem is therefore as follows: Given a straight line A’A, and AL along
A'A produced equal to A’A | 2 to find a cone such that L is on its axis and the section through AL perpendicular to the generator
through A is a rectangular hyperbola with A’A as transverse axis. That is to say, the problem is to find a point 7 on the straight
line through A perpendicular to A’A such that 7L bisects the angle that is the supplement of A'TA. Suppose that 7 has been
found. The circle circumscribing the triangle A’AT will meet LT produced in some point S; and because the angle A'AT is right,
A'T is its diameter. Therefore A'SL is right and S lies on the circle having AL as its diameter. But

whence it follows that the segments AS, A'S are equal and S lies on the perpendicular to the midpoint of A’A. Therefore S is
determined as the intersection of the perpendicular to the midpoint of A’A with the circle drawn on AL as diameter; and if SL is
drawn, T, the vertex of the cone, is obtained as the intersection of SL with the perpendicular to A’A at A.

Some writers, such as Allman, have doubted whether Menaechmus could have been aware of the asymptotes of a hyperbola;>
but unless it is held that Eutocius rewrote Menaechmus’ proof so completely that it really ceased to be Menaechmus, the
evidence is compelling. It is easy to see (again following



Zeuthen) how in the case of a rectangular hyperbola Menaechmus could have deduced the asymptote property from the axial
property without difficulty **

Let AA' be the transverse axis of a rectangular hyperbola, and CE, CE’ its asymptotes meeting at right angles at C. Let P be
any point on the curve and N’ the foot of the perpendicular to AA' (the principal ordinate). Let PF, PF’ be drawn perpendicular
to the asymptotes. Then

CA* = CN?, by the axial property
=CN:-NE-PN-ND

=2(ACNE — APND)

= 2 quadrilateral CDPE

= 2 rectangle CF'PF, since APEF = ACDF/,
=2PF. PF'

PF. PF' = which is the asymptote property.
Alternatively,

CA>=CN’ - PN’

=EN’ - PN’

= (EN — PN)(EN + PN)

= (EN — PN)(PN + NE")

=EP - PE'

, because is 45°.

The letter of the pseudo-Eratosthenes to Ptolemy Euergetes says that certain Delians, having been commanded by an oracle to
double one of their altars, sent a mission to the geometers with Plato in the Academy. Archytas solved the problem by means
of half-cylinders, and Eudoxus by means of the so-called curved lines. Although they were able to solve the problem
theoretically, none of them except Menaechmus was able to apply his solution in practice—and Menaechmus only to a small
extent and with difficulty > According to Plutarch, Plato censured Eudoxus, Archytas, Menaechmus, and their circle for trying
to reduce the doubling of the cube to mechanical devices, for in this way geometry was made to slip back from the incorporeal
world to the things of sense

Despite this emphatic evidence, Bretschneider considers it doubtful whether Menaechmus had an instrument for drawing his
curves.”? He notes that it is possible to find a series of points on each curve but agrees that this is a troublesome method of
obtaining a curve without some mechanical device. Allman develops this hint and believes that by the familiar Pythagorean
process of the “application” [TagafoArZ of areas, which later gave its name to the parabola, Menaechmus could have found as
many points as he pleased —“with the greatest facility” —on the parabola y* = px; that, having solved the Delian problem by
the intersection of two parabolas, he later found it easier to employ one parabola and the hyperbola xy = a”, “the construction
of which by points is even easier than that of the parabola”; and that this was the way by which in practice he drew the
curves.® He also implies that this was what the pseudo-Eratosthenes and Plutarch had in mind. The evidence, however, seems
inescapable that Menaechmus attempted to find some mechanical device for tracing the curves. Bretschneider’s objection that
no trace of any such instrument has survived is not substantial. Centuries later, Isidorus of Miletus is said to have invented a
compass, dtaftng for drawing the parabola in Menaechmus’ first solution.? Every schoolchild knows, of course, how to
draw the conic sections with a ruler, string, and pins;** but this easy method was not open to Menaechmus, since it depends
upon the focus-directrix property.

There is a possible solution to this dilemma, so simple that apparently it has not hitherto been propounded, although Health
came near to doing so. In Eutocius’ collection of solutions to the problem of doubling the cube is a mechanical solution
attributed to Plato.*! It is now universally agreed that it cannot be by Plato because of his censure of mechanical solutions,
which fits in with his whole philosophy. M. Cantor, however, thought it possible that he worked it out in a spirit of contempt,
just to show how



easy such things were in comparison with the real business of the philosopher.*> The lines between which it is desired to find
two means are placed at right angles, as AB, BC. The dotted figure FGLK is an instrument in which a ruler KL moves in slots
in the two vertical sides so as to be always parallel to the base FG. The instrument is moved so that FG is made to pass through
C, and f lies on AB produced. The ruler is then moved so that KL passes through A.

If K does not then lie on CB produced, the instrument is manipulated until the four following conditions are all fulfilled: FG
passes through C; F lies on AB produced; KL passes through A; K lies on CB produced. The conditions can be satisfied with
difficulty — dvoyepws, as the pseudo-Eratosthenes says—and when it is done.

AB : BE =BE : BD =BD : BC,

so that EB, BD are the required means.

The arrangement of the extremes and the means in Figure 6 is exactly the same as in the second solution attributed to
Menaechmus. “Hence,” says Heath, “it seems probable that someone who had Menaechmus’ second solution before him
worked to show how the same representation of the four straight lines could be got by a mechanical construction as an
alternative to the use of conics.”™ But why not Menaechmus himself? If he was the author, it would be easy for the tradition to
refer it to his master, Plato. This cannot be proved or disproved, but it would be the simplest explanation of all the facts.
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