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(b. Stettin, Pomerania (now Szczecin, Poland], 15 April 1809; d. Stettin, 26 September 1877),
mathematics.

Life and Works. Grassmann came from a family of scholars. His father, Justus Gunther Grassmann, studied theology,
mathematics, and physics. He was a minister for a short time, then became a teacher of mathematics and physics at the
Gymnasium in Stettin, where he did much to raise the level of education, He also wrote elementary mathematics textbooks and
did research on problems in physics and crystallography. Grassmann’s mother was Johanne Medenwald. a minister’s daughter,
from Klein Schonfeld.

The third of twelve children, Grassmann received his earliest instruction from his mother and at a private school before
attending the Stettin Gymnasium. He also learned to play the piano. At the age of eighteen he passed the final secondary
school examination, ranking second. With his eldest brother, Gustav, Hermann studied theology for six semesters at the
University of Berlin, where his teachers included August Neander and Friedrich Schleiermacher. At the same time he studied
classical languages and literature and attended the lectures of August Bockh.

Grassmann returned to Stettin in the fall of 1830 and began intensive independent study of mathematics and physics. In
December 1831, at Berlin, he took the examination for teaching at the Gymnasium level; the examiners stated, however, that
Grassmann had to display greater knowledge of his subjects before he could be considered qualified to teach the higher grades.
At Easier 1832 he obtained a post as assistant teacher at the Stettin Gymnasium, and two years later he passed the first-level
theology examination given by the Lutheran church council of Stettin.

Grassmann did not become a minister, however. In the autumn of 1834 he was hired as senior master at the Gewerbeschule in
Berlin, succeeding Jakob Sleiner. who had been called to the University of Berlin. A year laler Grassmann was appointed to
the faculty of the newly founded Otto Schule in Stettin, where he taught mathematics, physics, German. Latin, and religion.
Meanwhile he pursued his studies in theology, mat hematics, and natural science. In 1839 he passed the second level theology
examination in Stettin and, the following year at Berlin, an examination in mathematics, physics, chemistry, and mineralogy
that fully qualified him to teach all grades of secondary school.

The latter examination included a written portion to be done at home, the subject of which was the theory of the tides. This
assignment proved decisive for Grassmann’s career. In 1832 he had begun to work on a new geometric calculus. With its aid
he was now able to give a simplified exposition of the mathematical developments in Lagrange’s Mécanique unuhtigtte and to
derive, in an original manner different from that of Laplace, the portions of the tatter’s Mécanique céleste relevant to the theory
of the tides. Although Grassmann used the new methods only to the extent necessary to solve the problem at hand, he was
undoubtedly aware of the far-reaching significance of his creation; and by 1840 he had decided to concentrate entirely on
mathematical research.

At first, however, Grassmann devoted considerable effort to teaching. He wrote several brief textbooks for use in secondary
school, some of which were frequently reprinted. They included Grundriss der deutsvhen Sprachlehre (1842) and Leit-faden
fiir den ersten Unterricht in der latcinischen Sprache (1842). In collaboration with W. Langhein he published Deutsches
Lesehuch fiir Schiiiler von acht bis zwolf Jahrcn (1846). Reorganizations of the Stettin school system led to his being
transferred on several occasions (the Otto Schule, the Gymnasium, the Friedrieh Wilhelm Schule; at the last he received the
title Obertehrer ill May 1847). In 1852 Grassmann succeeded his father (who had died in March of that year) as fourth-ranking
teacher at the Stettin Gymnasium, a post that brought with it the title of professor.

Meanwhile, in the fall of 1843, Grassmann had completed the manuscript of the first volume of his chief work, Die lineale
Ausdehnungslehre, which appeared the following year as Die Wissenschaft der extensiven Crosse oder die Ausdehnungslehre.
Its fundamental significance was not grasped by contemporaries; and even a mathematician of the caliber of A. F. M6bius—
whose own geometric research was to some extent related to Grassmann’s—did not fully understand the author’s intentions.
Disapproving of the many new concepts and certain philosophical formulations, he declined to write a review of the book, and
thus it was totally disregarded by the experts.



As an application of the Ausdehnungslehre, which is based on the general concept of connectivity, Grassmann published Neue
Theorie der Elektrodynamik (1845), in which he replaced Ampere’s fundamental law for the reciprocal effect of two infinitely
small current elements with a law requiring less arbitrary assumptions. Thirty years later Clausius independently rediscovered
Grassmann’s law but acknowledged his priority as soon as he was apprised of it. In a series of articles published between 1846
and 1856 Grassmann applied his theory to the generation of algebraic curves and surfaces, in the hope that these papers, which
were much less abstract than his book, would inspire mathematicians to read the Ausdehungslehre. His hopes were not
fulfilled.

On the other hand, Grassmann received rapid public recognition for a work submitted in 1846, at Mobius’ suggestion, to the
Fiirstlich Jablonow-sky’sche Gesellschaft der Wissenschaften in Leipzig, In it he solved the problem posed by the society of
establishing the geometric characteristic, first outlined by Leibniz, for designating topological relations, without recourse to
metric properties. His entry, Geometrische Analyse, was awarded the full prize and was published by the society in 1847.
Mobius, who was one of the judges, justly criticized both the abstract manner in which Grassmann introduced his new
concepts and his neglect of intuitive aids, defects that made the last part of the text particularly difficult to read. Accordingly,
Mobius incorporated into the book his own essay, “Die Grassmann’sche Lehre von den Punktgrossen und den davon
abhiingigen Grossenformen,”, in which he explained Grassmann’s Scheingrossen as abbreviated expressions of intuitively
interpretable quantities.

In May 1847 Grassmann wrote to the Prussian ministry of education, requesting that he be considered for a post as university
professor, in the event that one became available. The ministry thereupon requested an opinion of Grassmann’s prize essay
from E. E. Kummer, a mathematician at Breslau. Kummer’s severe judgment that the work contained “commendably good
material expressed in a deficient form” led to the rejection of Grassmann’s application.

A man of broad interests and a strong sense of political responsibility, Grassmann participated in the political events leading to
the Revolution of 1848. With his brother Robert, his scientific collaborator for many years, he founded the Deutsche
Wochenschrift fiir Staat, Kirche und Volksleben. which was soon replaced by the daily Nord-deutsche Zeitung. Advocates of a
Germany united under Prussian leadership, the brothers hoped for the establishment of a constitutional monarchy, ruled by the
king in cooperation with the Reichstag. Revolution and civil war, they contended, were not the proper means of winning
greater freedom. In articles published in 1848 and 1849 Grassmann considered chiefly problems of constitutional law; but with
the restoration he became increasingly dissatisfied and withdrew from the paper.

On 12 April 1849 Grassmann married Marie Therese Knappe, the daughter of a Pomeranian landowner. Of their eleven
children, two died in early childhood and two others somewhat later. His sons Justus and Max became mathematics teachers at
the Stettin Gymnasium: Ludolf, a physician; Hermann, professor of mathematics at the University of Giessen: and Richard,
professor of mechanical engineering at the Technische Hoch-schule in Karlsruhe.

As a student Grassmann had been admitted to the Freemason lodge in Stettin, and from 1856 he held the post of treasurer. In
1857 he became a member of the board of directors of the Pom-mersche Hauptverein fiir die Evangelisierung Chinas. Founded
in 1850, this society published a journal and occasionally sent missionaries to China. Under Grassmann’s chairmanship it was
unified with the Rheinische Missions-Gesellschaft in Barmen in 1873.

Soon after the political unrest of 1848- 1849 had subsided, Grassmann began to study Sanskrit and then Gothic, Lithuanian,
Old Prussian. Old Persian, Russian, and Church Slavonic - investigations that laid the foundations for his studies in
comparative linguistics. Profiting from his acute sense of hearing and his capacity for making careful observations, Grassmann
developed a theory of the physical nature of speech sounds (1854). He had recognized that each vowel sound arises through
definite overtones that are specifically characteristic of it and planned to substantiate his theory experimentally, using a tone
generator instead of the human voice. The device he intended to use, however, did not fiirnish sufficiently pure vibrations-that
is, it was not sufficiently free of overtones.

In “Zur Theorie der Farbenmischung” (1853) Grassmann opposed certain conclusions that Helmholtz had drawn from
experiments on the mixing of colors. According to Grassmann’s theory, each color can be represented by a weighted point
plotted on a circular surface; the position of the point indicates its hue and saturation, and the weight, its intensity. If the colors
to be mixed are thus represented, then the center of gravity, in which the entire mass is seen as being concentrated, gives the
intensity of the visual impression of the mixture. Helmholtz later acknowledged the correctness of the center-of-gravity
construction but retained reservations concerning the circular form of the overall field.

Around the middle of 1854 Grassmann resumed work on the Ausdehnungslehre. He may have been stimulated in this effort by
a remark made by Md&bius. who informed him of two papers in which equations with several unknowns were solved bymeans
of an approach incorporating clefs algé-briques that corresponded to the one that Grassmann had developed in sections 45, 46,
and 93 of his book. Indeed, Mobius insisted that Grassmann assert his priority against the authors of these papers, A. B. de
Saint-Venant (in Comptes rendus ...de I’Acadeémie des sciences,21 [1845], 620-625) and Cauchy (ibid..36 [1853], 70-76, 129-
136). Grassmann subsequently addressed himself to the Paris Academy as well as to both authors, without charging plagiarism.
Whether Cauchy, in particular, knew of the Ansdehnungs-lehre when he wrote his paper cannot be established.

Rather than writing a second volume of the Aus-dehnungslehre, as he had originally intended, Grassmann decided to rework
the text; and Die Ausdehungslehre. Vollstindig und in strenger Form bearbeitet was published at Berlin in 1862. The new



version, unfortunately, fared no better than the first; Grassmann, in presenting a systematic foundation of his theory, had failed
to see that a different approach was necessary for mathematicians to acquaint themselves with the new concepts. Given the
failure of the first edition, it is all the more astonishing that Grassmann did not attempt to emphasize the advantages of his
ideas by demonstrating them through specific examples. Again, no serious attempts were made by mathematicians to work
through the peculiar terminology of this strange theory, and the revised edition was long ignored. Although the Leopoldina
elected Grassmann to membership in 1864, it was in recognition of his achievements in physics —not in mathematics.

Disappointed by his continued lack of success, Grassmann gradually turned away from mathematical research. Besides a few
minor articles, in 1865 he published a supplement to his Lehrbuch der Arithmetik (1860) entitled Lehrbuch der Trigonometrie
fiir hohere Lehranstalten (a planned third part on geometry never appeared) and “Grundriss der Mechanik,” in the Stettiner
Gymnasialprogramm of 1867.

Grassmann also concentrated increasingly on linguistic research. Works on phonetics that were based on the histérical study of
language (1860, 1862) were followed by the important “Uber die Aspiranten und ihr gleichzeitiges Vorhandensein im An- und
Auslaute der Wurzeln” (1863), in which he formulated the law of aspirates that is named for him. A crucial contribution to the
study of the Germanic sound shift, this law has become part of the science of comparative linguistics.

Linguistic research of a different kind forms the basis of Deutsche Pflanzennamen (1870), which Grassmann wrote with his
brother Robert and his brother-in-law Christian Hess. The goal of the work was to introduce German names for all plants
grown in the German-language area, terms as precise as the Latin and Greek forms that would be derived etymologically from
the various Germanic languages. Grassmann hoped that the effort of collecting and explicating involved in the project would
prove useful to both botanists (especially biology teachers) and linguists.

An achievement of a much higher order is represented by Grassmann’s work on the Sanskrit language. Realizing that research
in comparative linguistics must take the oldest Indic languages as a starting point, Grassmann began an intensive study of the
hymns of the Rig-Veda about 1860. Unlike his mathematical work, which was greatly ahead of its time, these studies benefited
from opportune timing. Theodor Aufrecht’s authoritative text of the Rig-Veda and the St. Petersburg Sanskrit dictionary
compiled by Otto von Bothlingk and W. R. von Roth were also published at this time. Grass-mann’s complete glossary of the
Rig-Veda was modeled on the Biblical concordances, and the entry for each word indicates the grammatical form in which it
appears. Although criticized on points of detail, the six-part Worterbuch zum Rigveda (1873- 1875) was generally praised by
specialists and remained the standard work for many years.

Although Grassmann had originally planned to follow the glossary with a grammar, he came to consider it more important to
publish a translation of the hymns, believing it essential to their interpretation; it appeared in two parts as Rig-Veda, Ubersetzt
und mit kritischen Anmerkungen verse-hen (1876- 1877). Alfred Ludwig’s simultaneously published complete translation of
the texts (1876), although far superior philologically to Grassmann’s work, was presented in a German that was difficult to
understand. Grassmann, in contrast, seeking to reproduce not only the meanings of the words but also the overall feeling of the
original, retained a metrical form—at the sacrifice of a faithful rendering in certain passages.

Unlike his mathematical works, Grassmann’s linguistic research was immediately well received by scholars. A year before his
death he became a member of the American Oriental Society, and the Faculty of Philosophy of the University of Tubingen
awarded him an honorary doctorate.

In the meantime, a few mathematicians had become aware of Grassmann’s work. His election on 2 December 1871 as a
corresponding member of the Gottingen Academy of Sciences encouraged him to publish some short mathematical papers
during the last years of his life. In 1877 he prepared another edition of the Ausdehnungslehre of 1844 for publication; it
appeared posthumously in 1878. Despite steadily increasing infirmity, he continued to work until succumbing to cardiac
insufficiency.

Influence . Toward the end of his life, and even more after his death, a growing recognition of Grassmann’s accomplishments
was observed among specialists. Alfred Clebsch, the leading German mathematician of the time, for example, made a special
effort to call attention to Grass-mann during a memorial address that he delivered in honor of Julius Plucker in 1871. H.
Hankel was the first to discuss the Ausdehnungslehre in a book: Theorie der komplexen Zahlensystem (1867). The obituary of
Grassmann by Sturm, Schroder, and Sohncke displays considerable appreciation for his work. At about the same time there
appeared a short biography of him by V. Schlegel, who had previously used Grassmann’s ideas in his System der Raumlehre
(1872- 1875).

The geometry that Grassmann established on the basis of the Ausdehnungslehre was later elaborated as Punktrechnung, first in
Peano’s Calcolo geometrico (1888). Grassmann’s most gifted son, Hermann, wrote three textbooks on analytic geometry based
on the approach of the Ausdehnungslehre: and in 1909 he applied the latter to the theory of gyroscopic motion. The other most
important German advocates of the book were R. Mehmke and his student A. Lotas. French mathematicians were introduced
to Grassmann’s concepts by F. Caspary, who used them in his research on the generation of algebraic curves. The spread of
Grassmann’s ideas was fiirther aided by the publication of a collected edition of his works and of papers written on the
centenary of his birth. An early advocate of Grassmann’s Ausdehnungslehre was the American physicist J. W. Gibbs (1839-
1903). Well-known, among many other achievements, for his popularization of a vector algebra as it may be derived from
Grassmann’s and W. R, Hamilton’s ideas, he emphatically preferred —in contrast to Tait’s rival claims for Hamilton’s




quaternions— Grassmann’s less limited concepts. Gibbs created what he called “dyadies,” an operational approach that found
favor with theoretical physicists until it was replaced by modern vector and tensor analysis. In this dyadics, a matrix in its
operational application is understood as a sum of more simple operators, the so-called simple dyads. As Gibbs himself
explained, the germ of these ideas must be seen in certain indeterminate products (kenausdruckehich Grassmann introduced in
a note at the end of the first edition of his dehnungslehre1844. Thus the birth of linear matrix algebra, often associated with the
publication of Cayley’s classic “Memoir on the Theory of Matrices” 8, may be said to have occurred already in 1844. A
century later H. G. Forder’s culus of Extension41) testified to the continuing appeal of the dehnungslehreng mathematicians in
the English-speaking world.

The Ausdehnungslehre. The Ausdehnungslehre concerns geometric analysis, a border region between analytic geometry,
which uses only the algebra of coordinates and equations, and synthetic geometry, which dispenses with all algebraic aids. The
first to conceive of this kind of geometric analysis was Leibniz. In a letter of 1679 to Huygens (see Grassmann, Werke, I, 417)
he wrote that in order to develop such an analysis, one should work directly with the symbols of geometric concepts— such as
points, straight lines, and planes—that is, without the intermediary of coordinates; further, loci and other properties should
always be expressed through algebraic expressions written in the symbols of these basic concepts. Leibniz did not fully
elaborate his idea, and systems of geometric analysis did not appear until the nineteenth century, after analytic and synthetic
geometry had undergone considerable development. On this question one may consult three articles by H. Rothe, A. Lotze, and
C. Betsch in the Encyklopddie der mathematischen Wissenschaften (1916-1923); the article by Lotze deals especially with the
Ausdehnungslehre.

All systems of geometric analysis share the characteristic that one of their fundamental elements is the geometric addition of
directed line segments, an operation borrowed from mechanics. Accordingly, one may place among these systems the
description of Euclidean plane geometry by means of complex numbers that was formulated around 1800. Although known as
the theory of the Gaussian plane, it was also elaborated independently of Gauss by Wessel and Argrand. A purely geometric
computation of line segments in then plane, in which even the complex numbers do not appear explicitly, had to await the
appearance of the method of equipollences elaborated by Bellavitis in the 1830°s. Another example of geomatric analysis is
Mobius’ barycentric calculus (1827). The barycentric coordinates of Euclidean space are special systems of projective
coordinates obtained with the aid of concepts drawn from point mechanics. More important in the present context, however, is
the fact that in 1844, in a work devoted to establishing the barycentric calculus on a firmer basis, Mobius conceived of the line
segment as the difference between two points, a notion that played an important role in the calculus of points based on the
Ausdehnungslehre.

The theory of quaternions developed by W. R. Hamilton between 1843 and 1853 originated in an attempt to generalize the
complex numbers in a manner that would preserve, if possible, all the laws of arithmetic. This generalization could be effected,
however, only by giving up the commutative law of multiplication. Doing so gave rise to the system of quartenions named for
Hamilton. In current terminology, this system is a skew field of a fourth-rank algebra over the field R of the real numbers.

During this same period, Grassmann developed his Ausdehnungslehre. Its algebraic entities are the extensive quantities. These
consist, in the first instance, of quantities of the first rank of the base domain ; this, in modern terms, is an n-dimensional
vector space over R, which is expressed here for the first time in such generality. Its base vectors are e,..., e,. In his attempt to
find a suitable multiplication of two quantities of , Grassmann proceeded differently from Hamilton. He did not seek to make
into a ring but, instead to a domain of quantities of the second rank-that is, a vector space of dimension with base quantities e,
(1 =i <j=<n). The product of two quantities of -which he called the outer product-is so constructed that it lies in . This outer
multiplication is to be distributive, si it need be defined only for the e,. If the multiplication is designated by brackets, then

and

Then, for arbitrary r where 1 <r < n, Grassmann established the domain of the quantities of the r-th rank with base ¢;;... i, (1 <
i) <... <i,=<n).By using the formulation[e;,... e;] = + ¢;... i,, or = -¢;,... i,, or = - according as (j;... j,)is an even permutation
of (i,... i,)or an odd permutation of it, or whether the j, are not all different-the outer product of r base quantities of can be
expressed as a quantity of . At this stage one can immediately calculate the outer product of r arbitrary quantities of .
Grassmann called “simple” the special quantities of that arise in this manner. Since he set, e,... n = 1, he was again able to
conceive as the scalar domain R.

Through reduction to the basic unities and use of the associative law, it can be shown that foe arbitrary unities of S"and $*
leir... i,eji... jJ=0,if i and j not all different; that this expression equals +1 or -1 in the cases, respectively, that (i;... i,j;... j) is
an even or an odd permutation of a combination (n,... n,... n,.3), where 1 <n, <... < n,,3 < n.From this result one may easily
obtain, through distributive multiplication, the progressive product of the quantities A” € S'and B® € S®. If one takes e,...,as an
independent unity and adds quantities of arbitrary rank, which Grassmann avoided doing, one obtains, in modern terms, the
Grassmann algebra of rank 2" over . In this algebra[,B’]A vanishes forr+s >n. Grassmann therefore constructed a “regressive”
product ofA” and B’. To this end he associated to each unitye;,..., its supplementle; =+ e, +,...i,.

Here (i,...i,) is a permutation of (1... n), and equals +1 or -1 according as the latter is even or odd. From this it can be shown
that the extension |A" for every A" € §" is a quantity of S"".



The inner product of two quantities A", B" of §" is given by p = [A. /B], which Grassmann considered a scalar, since it is a
quantity in S". At this point he could explain the notation of orthogonality and absolute value in S". He interpreted the
regressive product of the quantities A” € S” and B® € S* (where r + s > n), for the unities £, 77* as that unity of rank 2n — (r + s)
the supplement of which is the progressive product of the supplement of € and #°. This makes it easy to define the regressive
product of arbitrary A” € S and B® € S", where r + s > n.

On the basis of the preceding steps, Grassmann could obtain the outer products of arbitrarily many extensive quantities. These
are “pure” if the multiplications to be performed are either all progressive or all regressive, and “mixed” if this is not the case.
In general, a mixed product is neither commutative nor associative, although it does fulfill certain computational rules that
Grassmann established. In addition to the outer products, Grassmann developed a multiplication that he termed “algebraic,”
which obeys the law ee; = eje; for i = I1... n and leads to what is today known as the polynomial ring.

Grassmann derived the ideas of his Ausdeh-nungslehre, as well as his new way of forming products, essentially from
geometry, particularly from the geometry of n dimensions, which was then still in its infancy. In his calculus of points, the
points of R, which are provided with weights (that is, numbers different from zero), are conceived as the fundamental domain
of a totality of extensive quantities. The points that are assigned weight 1 are also called “Simple.” A a + ubthen yields all
points of the straight line A spanned by the simple points a, b, those points having the weight 4 + . This is identical to the
scheme developed by Mobius, where (4, u) are the barycen-tric coordinates of the relevant point of A. The only difference is
that no weighted point of A corresponds to a-b but, rather, to the vector leading from b to a. In Grassmann’s calculus,
therefore, the vector space V, over R appears as a subset of the domain of the point range. If a,... a, and b,... b, are each
linearly independent simple points that span the same R, C R,, then the outer products [a,... a,] and [b,.... b;] do not vanish;
and they differ by, at most, a scalar factor A #0. They are therefore associated with this R,. Their components, related to a base
€;...i, are now called the Grassmann coordinates of R,. They fulfill a system of quadratic relations that Grassmann gave for k
= 1; and if they are interpreted as points of a projective space, they describe the manifold G, that is named for Grassmann.

If the simple quantities [a,...q,] and [b,...b,] are associated with the spaces R*.and R, of R, and , and if these have no finite or
infinite point in common, then the progressive outer product[a,...a,b,...b,] corresponds to the connection spaceR, ., of
R*andR“_. If R° and R” span the entire R,, then the regressive product of[a,...a,] and [b,...b]is associated with the intersection
space R*.N R’,. In works directly inspired by Grassmann the perceptual spaces R’, R’ are treated in detail with these methods,
as are the projective spaces over R. For example, in them the line vector (also known as the rod), which is bound to the
connecting line, of a,b. is described by means of the outer product [a,b] of the points a, b. Then [abc] defines an oriented
surface element bound to the plane containing a, b, c its content can be either positive or negative, or zero when a, b, and c are
collinear. The outer product of two free vectors yields a bivector.

Apart from details, the Ausdehnungslehre appears in retrospect as a very general and comprehensive treatise, the implications
of which reached far beyond the “state of the art” in 1844 or even in 1862. In geometry, mathematicians were still thinking in
terms of a “real” three-dimensional space and saw no need to occupy themselves with such a theory of “extended magnitudes’
in a fictional n-dimensional space. Hamilton’s goal had been to find a consistent algebra of rotations and vectors in three-
dimensional space; when he reached it in his system of quaternions he was forced to sacrifice the traditional principle of
commutativity for multiplication. Grassmann, on the other hand, had not only immediately considered manifolds of an
arbitrary number of dimensions, but also had introduced new, seemingly artificial kinds of multiplication for its various types
of elements. Nobody in his day could foresee that, in its general algebraic aspects, the Ausdehmmgslehre did much more than
merely accomplish for any finite number of dimensions what Hamilton’s quaternions were designed to do for Euclidean space
of three dimensions. Beyond that it anticipated (or even included) wide areas of modern linear algebra and of matrix, vector,
and tensor analysis. Thus, three lines of later development may be distinguished in connection with Grassmann’s principal
work: first, the generalization of the geometrical concept of space (also anticipated at much the same time by Cayley and by
Riemann): second, the influence on Gibbs and thus on the creation of vector analysis; and third, the important anticipation of
fundamental parts of modern algebra, though this was not immediately noticed by the mathematical public.

s

Other Mathematical Works. Despite the long neglect of his ideas, Grassmann was always convinced of their importance. In
several works he attempted to show how the theory of quaternions and invariant theory (then called modern algebra) can be
understood on the basis of the Ausdehnungs-lehre. Still more important, however, are his writings on the “lineal” generation of
algebraic entities, in which he also draws on his theory. This group of publications deals, for example, with the theory of
constructing points of algebraic curves and surfaces by simply drawing straight lines and planes through given points, as well
as with the determination of intersection points of known straight lines.

As early as 1721 Maclaurin had demonstrated that given the three points a, b, ¢ and the two straight lines A, B of general
position in the plane, the locus of the third vertices of all triangles the first two vertices of which lie, respectively, on A and B
and the sides of which pass, correspondingly, through a, b, c is a conic section. In terms of the calculus of points, this
statement means that the mixed outer product (a x AbB x c) vanishes. Grassmann made the important discovery that in this
way every plane algebraic curve C can be generated lineally. As a result, if C is of order # it can be described by setting equal
to zero an outer product in which, in addition to symbols for certain fixed points and straight lines, the expression for the
variable point x of C appears n times. A cubic can be expressed, accordingly, as (xaA) - (xbB) - (xcC)= 0. This signifies that the
locus of the point x of the plane is a cubic, if the line connecting x with three fixed points a, b, c cuts the three fixed straight
lines A, B, C in three collinear points. Moreover, one can obtain every plane cubic in this manner. Grassmann was thus able to
refute Plocker’s assertion that curves higher than the second degree could be conceived only in terms of coordinate geometry.



In writings collected in volume II, part I, of the Werke, Grassmann considered, in particular, the lineal generations of plane
cubics and quartics, as well as of third-degree spatial surfaces. (One of these generations bears his name.) He demonstrated that
by setting equal to zero the products he designated as planimetric or stereometric, all these generations could be obtained from
the Ausdehnungslehre.

A large portion of the Ausdehnungslehre is devoted to analysis. Grassmann treats functions of n real variables as functions of
extensive quantities of a base domain . Since he introduced a metric into in the form of the inner product, he as able to derive
Taylor expansions, remainder formulas, and other items. His most important studies in analysis concern Pfaff’s problem-that
is, the theory of the integration of a Pfaffian equation

This question had interested leading nineteenthcentury mathematicians both before and after Grassmann, especially PfafF and
Jacobi. Grassmann contributed the following important theorem: If one calls & the class of w -that is, the minimum number of
variables into which w can be transformed-then, when k£ = 2h, w, can be transformed into the normal form

and, when k = 2h- 1, into
p : (dzn + Zn+l le +... + ZZn—l dZn—l)’

where p is a function of z,... z,,;. Even these results, however, which appeared in the 1862 edition of the Ausdehnungslehre
and surpassed Jacobi’s achievements, obviously did not attract much attention. Recognition had to await their translation into
the more customary language of analysis by F. Engel in his commentary on Grassmann’s works.

The calculus of differential forms, which is based on Grassmann’s outer multiplication, occupies a firm position in modern
analysis. This calculus has enabled mathematicians to develop differential geometry in an elegant manner, as is particularly
evident in the work of E. Cartan.
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