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Abstract

In this talk we count the numbers of regular semisimple elements and
primary classes of GL(n,q). The approach used here depends
essentially on partitions of positive integers ≤ n. We give the numbers
of regular semisimple elements and primary classes of GL(n,q) for
n ∈ {1,2, · · · ,6} and see that the number of regular semisimple
elements is an integral polynomial in q, while the number of primary
classes is a rational polynomial in q.
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The Group GL(n, q)

The General Linear Group GL(V ) is the automorphism group of a
vector space V .
If V is a finite n−dimensional space defined over a filed F, then
GL(V ) is identified with GL(n,F).

We restrict ourselves to the case F = Fq, the Galois Field of q
elements, and we denote GL(n,Fq) by GL(n,q).

|GL(n,q)| =
n−1∏
k=0

(qn − qk ).
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Conjugacy Classes of GL(n, q)

Let f (t) =
d∑

i=0

ai t i ∈ Fq[t ], ad = 1. The d × d companion matrix

U(f ) = U1(f ) of f (t) is

U1(f ) =


0 1 0 · · · 0
0 0 1 · · · 0

· · · · · · · · ·
. . .

...
...

...
...

. . . 1
−a0 −a1 −a2 · · · −ad−1

,
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Conjugacy Classes of GL(n, q)

For any m ∈ N, let Um(f ) be the md ×md matrix of blocks

Um(f ) =


U1(f ) Id 0 · · · 0
0 U1(f ) Id · · · 0

· · · · · · · · ·
. . .

...
...

...
...

. . . Id
0 0 0 · · · U1(f )

.
If λ = (λ1, λ2, · · · , λk ) ` n is a partition of n, then Uλ(f ) is defined

to be Uλ(f ) =
k⊕

i=0

Uλi (f ).
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Conjugacy Classes of GL(n, q)

Theorem 1 (The Jordan Canonical Form)
Let A ∈ GL(n,q) with characteristic polynomial fA = f z1

1 f z2
2 · · · f

zk
k ,

where fi , 1 ≤ i ≤ k are distinct irreducible polynomials over Fq[t ] and
zi is the multiplicity of fi . Then A is conjugate to a matrix of the form

k⊕
i=1

Uνi (fi), where νi ` zi .

Thus any conjugacy class of GL(n,q) is parameterized by the
data of sequences ({fi}, {di}, {zi}, {νi}), where for 1 ≤ i ≤ k ,

k∑
i=1

zidi = n, νi ` zi , fi ∈ Fq[t ] is irreducible with ∂fi = deg(fi) = di .
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Conjugacy Classes of GL(n, q)

The integer k is called the length of the data.
Two data ({fi}, {di}, {zi}, {νi}) and ({gi}, {ei}, {wi}, {µi}) with
lengths k and k

′
respectively parameterize the same conjugacy

class if k = k
′

and ∃ σ ∈ Sk such that

wi = zσ(i), ei = dσ(i), µi = νσ(i) and gi = fσ(i), ∀i .

Two classes of GL(n,q) parameterized by the above data are said
to be of the same type if k = k

′
and ∃ σ ∈ Sk such that

wi = zσ(i), ei = dσ(i) and µi = νσ(i)

(gi and fi are allowed to differ).
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Conjugacy Classes of GL(n, q)

Definition 2

Let c be a conjugacy class given by ({fi}, {di}, {zi}, {νi}) with length k ,
then

1 c is called primary class if and only if k = 1.
2 c is called regular class if and only if l(νi) ≤ 1, ∀ 1 ≤ i ≤ k .
3 c is called semisimple class if and only if l(νi

′
) ≤ 1, ∀ 1 ≤ i ≤ k .

4 c is called regular semisimple class if it is both regular and
semisimple. Alternatively, a class is regular semisimple if and only
if νi = 1, ∀ 1 ≤ i ≤ k .
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Size of Conjugacy Classes of GL(n, q)

Let φr (t) =
r∏

i=1

(1− t r ). For λ = (λ1, λ2, · · · , λk ) ` n, where each λi

appears mλi times, set φλ(t) :=
k∏

i=1

φmλi
(t).

Also if λ
′

is the conjugate partition of λ, let n(λ) =

l(λ
′
)∑

i=1

λ
′

i (λ
′

i − 1)

2
.

Now if A ∈ c = ({zi}, {di}, {νi}, {fi}), then by Green [2], we have
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Size of Conjugacy Classes of GL(n, q)

|CGL(n,q)(A)| =
k∏

i=1

qdi (zi+2n(νi ))φνi (q
−di ). (1)

It follows that

|CA| = (
n−1∏
s=0

(qn − qs))/
k∏

i=1

qdi (zi+2n(νi ))φνi (q
−di ). (2)
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Number of Regular Semisimple Elements of GL(n, q)

Counting the number of the regular semisimple elements of GL(n,q)
relies on

calculating the number of regular semisimple types,
calculating the number of classes contained in each of the regular
semisimple types,
calculating the number of elements contained in each of the
regular semisimple classes.
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Number of Regular Semisimple Types

Proposition 3

There is a 1− 1 correspondence between the types of classes of
regular semisimple elements of GL(n,q) and partitions of n.

PROOF. A regular semisimple class of GL(n,q) must have the form
c = ({fi}, {di}, {1}k times, {1}k times). Thus all regular semisimple
classes of the same type define the partition (d1,d2, · · · ,dk ) ` n.
Conversely, it is easy to show that any partition
λ = (λ1, λ2, · · · , λk ) ` n defines a type of regular semisimple classes,
where a typical class c will have the form
c = ({fi}, {λi}, {1}k times, {1}k times), 1 ≤ i ≤ k . Hence the result. �
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Number of Regular Semisimple Classes of GL(n, q)

It turns out that we may denote any type of regular semisimple
classes of GL(n,q) by T λ and a typical class by cλ without any
ambiguity.
Consider the other representation of any partition
λ = (λ1, λ2, · · · , λk ) ` n namely λ = (1r12r2 · · · nrn) ` n, where
ri ∈ N ∪ {0}.
Recall that by a result of Gauss (see Lidl and Niederreiter [3]), the
number of irreducible polynomials of degree i over Fq is given by

Ii(q) = 1
i

∑
d |i

µ(d)q
i
d , where µ is the Möbuis function.
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Proposition 4

The number of regular semisimple classes of type λ, which we denote
by F (λ), is given by

F (λ) =

 n∏
i=1

ri−1∏
s=0

(Ii(q)− s)

/(
n∏

i=1

ri !

)
,

where if ri − 1 < 0, then the term
ri−1∏
s=0

(Ii(q)− s) is neglected.

PROOF. See Proposition 5 Moori and Basheer [4]. �
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Number of Regular Semisimple Elements of GL(n, q)

Proposition 5

Let cλ be a regular semisimple class, where λ = (λ1, λ2, · · · , λk ) ` n.
Then

|cλ| =

(
n−1∏
s=0

(qn − qs)

)/(
k∏

i=1

(qλi − 1)

)
.

PROOF. Let g ∈ cλ = ({fi}, {λi}, {1}k times, {1}k times). Since
νi = 1, ∀1 ≤ i ≤ k , we obtain by substituting in equation (1) that

|CGL(n,q)(g)| =
k∏

i=1

qλiφ1(q−λi ) =
k∏

i=1

qλi

(
qλi − 1

qλi

)
=

k∏
i=1

(qλi − 1).

The result follows by equation (2). �
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Some Corollaries (Moori and Basheer [4])

For any positive integer n, two partitions namely,
λ = (1,1, · · · ,1)︸ ︷︷ ︸

n times

` n and σ = (n) ` n are of particular interest.

With q > n, we have F (λ) = (q−1)(q−2)···(q−n)
n! and

F (σ) = 1
n

∑
d |n

µ(d)q
n
d .

We have |cλ| = q
n(n−1)

2

n−1∏
i=1

i∑
j=0

qj and |cσ| = q
n(n−1)

2

n−1∏
i=1

(qi − 1).
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The Main Theorem: Number of Regular Semisimple
Elements of GL(n, q)

Theorem 6

With λ = (λ1, λ2, · · · , λk ) ≡ 1r12r2 · · · nrn for ri ∈ N ∪ {0}, the number of
regular semisimple elements of GL(n,q) is given by

∑
λ`n

n−1∏
s=0

(qn − qs)
n∏

i=1

ri−1∏
s=0

(Ii(q)− s)

k∏
i=1

(qλi − 1)
n∏

i=1

ri !

.

PROOF. Follows from Propositions 3, 4 and 5. �
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Example

Consider GL(4,q). Corresponds to (2,2) = 22 ` 4, we have

F (22) =

 4∏
i=1

ri−1∏
s=0

(Ii(q)− s)

/(
n∏

i=1

ri !

)
=

q(q2 − 1)(q − 2)

8
.

|c(2,2)| =

3∏
s=0

(q4 − qs)

2∏
i=1

(qλi − 1)

= q6(q − 1)(q2 + 1)(q3 − 1).

Hence there are q7(q4−1)(q3−1)(q−1)(q−2)
8 regular semisimple

elements of type (2,2).
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Example

Repeating the previous work to the other four partitions of 4, we
get a total number of regular semisimple elements of GL(4,q)
given by

q16 − 2q15 + q13 + q12 − 2q10 − q9 − q8 + 2q7 + q6.

For example the group GL(4,5), which is of order
116,064,000,000 has 9,299,587,000 regular semisimple elements.
In Table 2 of Moori and Basheer [4] we list the number of types,
conjugacy classes, elements in each conjugacy class of regular
semisimple elements of GL(n,q) for n = 1,2,3,4,5,6.
The number of regular semisimple elements of GL(n,q) for
n = 1,2,3,4,5,6 is an integral polynomial in q.
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Number of Primary Classes of GL(n, q)

Recall that a class c = ({fi}, {di}, {zi}, {νi}) of GL(n,q) with
length k is primary if and only if k = 1. That is c = (f ,d , n

d , ν) for
some f ∈ F≤n with degree d , d |n, and ν ` n

d .

Theorem 7

The number of primary classes pc(n,q) of GL(n,q) is given by

pc(n,q) =
∑
d |n

|P(
n
d

)| · Id(q), where P(j) is the set partitions of j .

PROOF. For fixed d and any ν ` n
d we have Id(q) irreducible

polynomials f of degree d , that defines a primary class. Hence there
are |P( n

d )| · Id(q) classes defined by the fixed integer d and partitions
of n

d . The result follows by letting d runs over all divisors of n. �
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pc(n, q) for n = 1, 2, · · · , 6 and any q

Table: Number of primary classes of GL(n,q), n = 1,2,3,4,5,6.

n pc(n,q)

1 (q − 1)

2 (q2 + 3q − 4)/2
3 (q3 + 8q − 9)/3
4 (q4 + 3q2 + 16q − 20)/4
5 (q5 + 34q − 35)/5
6 (q6 + 3q3 + 8q2 + 54q − 66)/6
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Some Corollaries (Moori and Basheer [4])

There are exactly In(q) = 1
n

∑
d |n

µ(d)q
n
d primary regular

semisimple classes of GL(n,q).

If n = p
′

is a prime integer (whether p
′
= p, the characteristic of

Fq or not), then there are Ip′ (q) = qp
′
−q

p′
primary regular

semisimple classes of GL(p
′
,q).

We have

q
p
′2
−p
′
+2

2 (qp
′
− 1)2

p
′−2∏
i=1

(qi − 1)

/p
′

primary regular

semisimple elements of GL(p
′
,q).

The group GL(p
′
,q) has exactly

(qp
′
+ (p

′ |P(p
′
)| − 1)q − p

′ |P(p
′
)|)/p′ primary conjugacy classes.
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