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The Objects: Cayley Graphs, Neighborhood Complexes, etc.

Cayley Graphs and Neighborhood Complexes

> (Directed) Cayley graph:
ab <— dg; € {g1,..,8n} such that g;-a=b.
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Cayley Graphs and Neighborhood Complexes

> (Directed) Cayley graph:
ab <— dg; € {g1,..,8n} such that g;-a=b.

» Irredundant generating set is a set of generators for a group
with the property that no proper subset of the generators will
generate the group.
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The Objects: Cayley Graphs, Neighborhood Complexes, etc.

Cayley Graphs and Neighborhood Complexes

>

(Directed) Cayley graph:

ab <— dg; € {g1,..,8n} such that g;-a=b.

» Irredundant generating set is a set of generators for a group
with the property that no proper subset of the generators will
generate the group.

» Distance set D € {{a1,a2,...,an}|ai € Z>0}

» Np(x) = {xi|x; € V such that d(x,x;) € D}

» Neighborhood complex: Simplicial complex with

Np(x) Vx € G as faces.
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The Objects: Cayley Graphs, Neighborhood Complexes, etc.

Cayley Graphs and Neighborhood Complexes

>

(Directed) Cayley graph:

ab <— dg; € {g1,..,8n} such that g;-a=b.

» Irredundant generating set is a set of generators for a group
with the property that no proper subset of the generators will
generate the group.

» Distance set D € {{a1,a2,...,an}|ai € Z>0}

» Np(x) = {xi|x; € V such that d(x,x;) € D}

» Neighborhood complex: Simplicial complex with

Np(x) Vx € G as faces.

D = {0,1}

v
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The Objects: Cayley Graphs, Neighborhood Complexes, etc.

Chain Complexes and Homology

Let A denote a simplicial complex and F;(A) denote the faces of
dimension J.

Reduced Chain Complex:

02

ml O % man O amen % g

00— K

> Ji(en) = Zjea sgn(J/; a)ea\j
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The Objects: Cayley Graphs, Neighborhood Complexes, etc.

Chain Complexes and Homology

Let A denote a simplicial complex and F;(A) denote the faces of
dimension J.

Reduced Chain Complex:

02

ml O % man O amen % g

00— K

> Ji(en) = Zjea sgn(J/; a)ea\j
> FI;(A; K), is the vector space ker (9;)/im (9i4+1)
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The Objects: Results

Neighborhoods Sharing an Edge

Theorem

Let S ={g1,...,gn} be an irredundant generating set for a group
G. Denote the Cayley graph for G and S by Cayley(G,S). Suppose
there is an 1-simplex e € Nyo 13(x) N Nyo,11(y) where Ngg 13(x)
and Ny 13(y) are distinct neighborhoods. Then either
e=Fi(x.gi-x)=Fi(y.gi-y) and |gi| =2 or
e=Fi(gi-x,8-x)=Fi(g -y 8&y)and ‘gigfl‘ =2.
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The Objects: Results

Neighborhoods Sharing an Edge

Theorem

Let S ={g1,...,gn} be an irredundant generating set for a group
G. Denote the Cayley graph for G and S by Cayley(G,S). Suppose
there is an 1-simplex e € Nyo 13(x) N Nyo,11(y) where Ngg 13(x)
and Ny 13(y) are distinct neighborhoods. Then either
e=Fi(x.gi-x)=Fi(y.gi-y) and |gi| =2 or
e=Fi(gi-x,8-x)=Fi(g -y 8&y)and ‘gigfl‘ =2.

Corollary

Define o = |{g € S| |g| = 2}| and

p= Hgigj_1|giagj €S, gigj_l) =2, and i <jH. Then

A= (("31) - 3arm)e
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The Objects: Results

H, = 0 for n Generators

Theorem
Let S be a irredundant generating set of size n for G. Then
Hp (Ngo 13 (Cayley(G, S))) = 0 except when
1. n=1 in which case G is cyclic and thus ﬂ; =K, or
2. n=2 and G is the Klein 4-group in which i—l; =K.
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Group Action on the Neighborhood Complexes

Group Action

G acting on Cayley graph induces:
0 1)) o1

0 — KIFa() 2y 72 RIFA)] 2 KIFo()] i) K—50

P P WP

0 S RIF@) 2y " 2 g L gm0 g g

» o;is a matrix of 0, +1
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Group Action on the Neighborhood Complexes

Group Action

G acting on Cayley graph induces:
0 1)) o1

0 — KIFa() 2y 72 RIFA)] 2 KIFo()] i) K—50

P P WP

0 S RIF@) 2y " 2 g L gm0 g g

» o;is a matrix of 0, +1

» Let o be a word in F;j(A), e, be the corresponding basis
vector in KIFi(®)l and p the permutation on the labeling.
Then oi(en) = sgn(oz)ep(a)

Note: sgn(«) is defined to be the parity of the permutation which
restores the elements of « to ascending order.
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Group Action on the Neighborhood Complexes

Representation Theory Review

Definition
A homomorphism from a group G to general linear group GL,(K)
over K of some degree n is a matrix representation of G of degree

n.
Definition

An irreducible representation is a representation with no nontrivial
invariant subspaces.

Definition

Regular representation is the permutation representation on cosets
of the trivial group or in other words group multiplication.
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Group Action on the Neighborhood Complexes

Representation Theory Review

Definition
A homomorphism from a group G to general linear group GL,(K)
over K of some degree n is a matrix representation of G of degree

n.

Definition

An irreducible representation is a representation with no nontrivial
invariant subspaces.

Definition

Regular representation is the permutation representation on cosets
of the trivial group or in other words group multiplication.
Theorem

The regular representation contains every irreducible representation
i times where i is the degree of the irreducible representation.
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Group Action on the Neighborhood Complexes

The Action with G = (g1, &)

The action of G on the Cayley graph induces an action on the
chain complex and therefore on F;(A) for 0 < j < 2.

The action on Fy(A) and F,(A) gives the regular representation.

Focus on action of G on Fi(A).

Orbits:

Eg = {F1(v.g1- v) v € V(Cayley (G, {1 £2})}

Eg, ={F1 (v, 8- v)|v € V(Cayley (G, {g1,&}))}

Epgt = {F1(g1-v,82-v)|v e V(Cayley (G, {g1,82}))}
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Group Action on the Neighborhood Complexes

Description of Action on F;

Theorem

Let {g1,8>} be an irredundant generating set for a group G. Define
the set G = {g1,8>,818, ' }. The representation given by the
group action on the set of edges, F1(A), consists of

» one copy of the regular representation for each element in G
which is not order two

> a half of the regular representation for each element in G
which has order two.
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Group Action on the Neighborhood Complexes

Description of Action on F;

Theorem

Let {g1,8>} be an irredundant generating set for a group G. Define
the set G = {g1,8>,818, ' }. The representation given by the
group action on the set of edges, F1(A), consists of

» one copy of the regular representation for each element in G
which is not order two

> a half of the regular representation for each element in G
which has order two.

Moreover for a € G of order two, the constituents of a half of the
regular representation are given using the formula:

(r1€) = (x o T Z (x(1) ~ x(2))

r\)\r—\
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Group Action on the Neighborhood Complexes

Working towards the Description of Action on F;

Lemma
{Fi(v,gi-v),F1(gi-v,v)} defines a block system for Eg, if

lgi| = 2.
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Group Action on the Neighborhood Complexes

Working towards the Description of Action on F;

Lemma
{Fi(v,gi-v),F1(gi-v,v)} defines a block system for Eg, if

lgi| = 2.

Lemma
Stabg ({F1 (1,8 1), F1(gi-1,1)}) = (&) if |gi| = 2.
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Group Action on the Neighborhood Complexes

Working towards the Description of Action on F;

Lemma
{Fi(v,gi-v),F1(gi-v,v)} defines a block system for Eg, if

lgi| = 2.
Lemma
Stabg ({F1 (1,8 1), F1(gi-1,1)}) = (&) if |gi] = 2.

Lemma
{Fi(gi-v,g-Vv),F1(g-v,gi-Vv)} defines a block system for

E if‘g,-gjfl’ —2

&i8;
Lemma
Stabg ({F1 (g - Lg- 1), A (gj Lg-1)}) = <gigf_1> if
gigj_l‘ =2
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Group Action on the Neighborhood Complexes

Description of Action on F;

Theorem

Let {g1,8>} be an irredundant generating set for a group G. Define
the set G = {g1,8>,818, ' }. The representation given by the
group action on the set of edges, F1(A), consists of

» one copy of the regular representation for each element in G
which is not order two

> a half of the regular representation for each element in G
which has order two.

Moreover for a € G of order two, the constituents of a half of the
regular representation are given using the formula:

(x,pTG) (X 2y It - Z %(X(l) —x(a))
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Group Action on the Neighborhood Complexes

Example: Symmetric Group on Four Points

(g1=(1,2),80=(1,2,3,4)) = S

(0 1€) = (xbian) = 157 2 X0 = 5 (1) = xa)

c(a)
1A 2A 3A 2B 4A
vi| 1 1 1 1 1
v 1 1 1 -1 -1
X3 2 2 -1 0 0
val3 -1 0 -1 1
vs| 3 -1 0 1 -1

Table: Character Table for S,.
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Group Action on the Neighborhood Complexes

Example: Symmetric Group on Four Points

(g1=(1,2),80=(1,2,3,4)) = S

(xvp TG) = (X by p <1 Z (X)p(x) = %(X(l) - x(a))

1A 2A 3A 2B 4A
x1| 1 1 1 1 1 Copies of irreducible rep.
x[1 1 1 -1 -1 2 X1
x3 | 2 2 -1 0 0 3 X2
X4 3 -1 0 -1 1 5 X3
xs | 3 -1 0 1 -1 8 Xa
7 X5

Table: Character Table for S,.
Note that gy in the conjugacy class labeled 2B in the above table.
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Group Action on the Neighborhood Complexes

Organizational Structure

im (83) Ha

Meets are relations:
im (0j+1) + Hi = ker (0;) and ker (0;) +im (9;) = W;
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Group Action on the Neighborhood Complexes

Apply Organizational Structure

0 KIF2(2)] 02 KIF @) Il gIF(A) i) K——0
Wo =1 reg rep
ker (0y) = C~ im (9p) = id
1 reg rep +
Wy =1 reg rep id

1 reg rep - id

ker (02) = 0
im (82) =1 reg rep Hy =C—
2 reg rep + id

im (93) =0 Hy=0

1See Theorem 4.4 for value of C.
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Group Action on the Neighborhood Complexes

Organizational Structure Implies...

Corollary

Let {g1,82} be an irredundant generating set for a group G. Let C
be the collection of irreducible representations given by the action
on the set of edges F1(A). Then the irreducible representations
given by the action of G on

» ker(01) is C minus one regular representation of G plus the
trivial representation of G

> Hy is C minus two copies of the regular representation of G
plus the trivial representation of G.
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Group Action on the Neighborhood Complexes

Back to Symmetric Group Example

By Corollary 4.10 we can complete the following table of counts of
irreducible representations.

» ker (01) is C minus one regular representation of G plus the
trivial representation of G

» H; is C minus two copies of the regular representation of G
plus the trivial representation of G.

irred rep | Degree | im (02) | ker (01) | ker (01)/im(92) | F1(A)=C
1 1 1 2 1 2
X2 1 1 2 1 3
X3 2 2 3 1 5
Ya 3 3 5 2 8
Y5 3 3 4 1 7
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Group Action on the Neighborhood Complexes

More than Two of Generators

Theorem

Let S ={g1,8,..-,8n} be an irredundant generating set for a
group G. Define the set G = S U {g,-gj_1|g,-,gj €Sandi<j

The representation given by the group action on F1(A) consists of

> one copy of the regular representation for each element in G
which is not order two

> a half of the regular representation for each element in G
which has order two.

Moreover for a € G of order two, the constituents of a half of the
regular representation are given using the formula:

(ert€) = (x bia Tl Z (x(1) = x(2))

l\.)\l—‘
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Questions?
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