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What is a loop?

Definition

Let @ be a groupoid with a neutral element e. If the equations
ax = b and ya = b have unique solutions x and y in Q for every
a,b € Q, then we say that Q is a foop.
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What is a loop?

Definition

Let @ be a groupoid with a neutral element e. If the equations
ax = b and ya = b have unique solutions x and y in Q for every
a,b € Q, then we say that Q is a foop.

» If a loop is associative, it is in fact a group.
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g A small example
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g A small example

Gl EwND =
B W OO DN
N OOl = & W
WL N O
= NP w o

» Loops of smaller order are groups.
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g A small example

Gl EwND =
B W OO DN
N OOl = & W
WL N O
= NP w o

» Loops of smaller order are groups.
> (3-4)5#3(4-5)
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g A small example

Gl EwND =
B W OO DN
N OOl = & W
WL N O
= NP w o

» Loops of smaller order are groups.
> (3-4)5#3(4-5)
» The analogue of Lagrange’s theorem for loops is not true!
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Solvability

Definition

A loop @ is said to be solvable, if it has a series
1=Q C.---CQ,=Q, where Q;_1 is normal in Q; and
Qi/ Qi1 is an abelian group for each /.
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Definition

A loop @ is said to be solvable, if it has a series
1=Q C.---CQ,=Q, where Q;_1 is normal in Q; and
Qi/ Qi1 is an abelian group for each /.

» Normal subloops are Lagrange-like.
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Solvability

Definition

A loop @ is said to be solvable, if it has a series
1=Q C.---CQ,=Q, where Q;_1 is normal in Q; and
Qi/ Qi1 is an abelian group for each /.

» Normal subloops are Lagrange-like.

» Our example is simple and non-associative, and thus not
solvable!
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Solvability

Definition

A loop @ is said to be solvable, if it has a series
1=Q C.---CQ,=Q, where Q;_1 is normal in Q; and
Qi/ Qi1 is an abelian group for each /.

» Normal subloops are Lagrange-like.

» Our example is simple and non-associative, and thus not
solvable!

» Loops of odd order are not always solvable.

Emma Leppala Department of Mathematical Sciences July 31, 2013



Groups associated with loops

Definition

For each a € Q we have two permutations on Q, defined by
L.(x) = ax and R,(x) = xa for every x € Q. The multiplication
group of Q is M(Q) = (La, R, : a € Q). The stabilizer of the
neutral element e is /(Q), the inner mapping group of Q.
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Connected transversals

Definition

Let G be a group, H < G and let A and B be two left transversals
to H in G. We say that the transversals A and B are H-connected

if [A, B] < H.
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o Connected transversals

Definition

Let G be a group, H < G and let A and B be two left transversals
to H in G. We say that the transversals A and B are H-connected

if [A, B] < H.

» A={L,:a€ Q} and B={R,:a€ Q} are I(Q)-connected
transversals in M(Q), M(Q) = (A, B) and 1(Q)m(q) = 1.
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Two theorems

Theorem [Kepka, Niemenmaa 1990]

A group G is isomorphic to the multiplication group of a loop if
and only if there exist a subgroup H and H-connected transversals
A and B such that Hgc =1 and G = (A, B).
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. Two theorems

Theorem [Kepka, Niemenmaa 1990]

A group G is isomorphic to the multiplication group of a loop if
and only if there exist a subgroup H and H-connected transversals
A and B such that Hg; =1 and G = (A, B).

Theorem [Vesanen 1996]

Let Q be a finite loop. If M(Q) is a solvable group, then Q is a
solvable loop.
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g Research question

Which properties of the inner mapping group /(@) of a finite
loop Q guarantee the solvability of M(Q), and hence that of the
loop Q7
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g Research question

Question

Which properties of the inner mapping group /(@) of a finite
loop Q guarantee the solvability of M(Q), and hence that of the
loop Q7

| A

Theorem

Let G be a finite group, H < G and let A and B be H-connected
transversals in G. If H is of a given structure (next slide), then G
is solvable.
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» cyclic (1990),

then G is solvable.
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LA
» cyclic (1990),
> abelian (1994),

then G is solvable.
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If His
» cyclic (1990),
> abelian (1994),
» nonabelian of order pqg (p # g odd primes) (2002),

then G is solvable.
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|
B fHis
cyclic (1990),
abelian (1994),
nonabelian of order pg (p # g odd primes) (2002),
dihedral (2004),

v

v

v

v

then G is solvable.
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B fHis
» cyclic (1990),
abelian (1994),
nonabelian of order pg (p # g odd primes) (2002),
dihedral (2004),
nilpotent (2007),

v

v

v
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then G is solvable.
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If His

>

>

>

>

cyclic (1990),

abelian (1994),

nonabelian of order pg (p # g odd primes) (2002),
dihedral (2004),

nilpotent (2007),

S x L, where S is either dihedral or nonabelian of order pgq, L
is abelian and (|S], |L]) = 1 (2012),

then G is solvable.
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>
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>

cyclic (1990),

abelian (1994),

nonabelian of order pg (p # g odd primes) (2002),
dihedral (2004),

nilpotent (2007),

S x L, where S is either dihedral or nonabelian of order pgq, L
is abelian and (|S], |L]) = 1 (2012),

D x S, where D is a dihedral 2-group and S is nonabelian of
order pq (2013),

then G is solvable.
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Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:

Emma Leppala Department of Mathematical Sciences July 31, 2013

[&

10 /1




Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:
» Assume that G is a minimal counterexample.
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Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:
» Assume that G is a minimal counterexample.
» Inductively show that Hg = 1 and H is maximal in G.
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Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:
» Assume that G is a minimal counterexample.
» Inductively show that Hg =1 and H is maximal in G.
» Thus a Sylow 2-subgroup of G is contained in H.
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Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:
» Assume that G is a minimal counterexample.
» Inductively show that Hg =1 and H is maximal in G.
» Thus a Sylow 2-subgroup of G is contained in H.

» Frobenius normal p-complement theorem on 2.

Emma Leppala Department of Mathematical Sciences July 31, 2013

[&




Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:
» Assume that G is a minimal counterexample.
» Inductively show that Hg =1 and H is maximal in G.
» Thus a Sylow 2-subgroup of G is contained in H.
» Frobenius normal p-complement theorem on 2.

» Either by the odd order theorem or by working with the
transversals, conclude that G is solvable. O]
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Theorem and its proof

Theorem (2013)

Let G be a finite group, H < G and H= D x S, where D is a
Dedekind group, S is a nonabelian group of order pg (p # g odd
primes) and gecd(|D|, |S|) = 1. If there exist H-connected
transversals A and B in G, then G is solvable.

Sketch of the proof:
» Assume that G is a minimal counterexample.
» Inductively show that Hg =1 and H is maximal in G.
» Thus a Sylow 2-subgroup of G is contained in H.
» Frobenius normal p-complement theorem on 2.

» Either by the odd order theorem or by working with the
transversals, conclude that G is solvable. O]

This claim is also true when G is infinite.
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Thank you for your attention!
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