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Notation and Terminology

Digraph D: a pair (D,E), set D of vertices and set E ⊆ D ×D of
(directed) edges.

Our digraphs are:
(a) infinite: set of vertices is infinite
(b) connected: underlying graph is connected.
(c) transitive: Aut(D) is transitive on the set of vertices.

If a ∈ D, the cardinality of the set of successors
{b ∈ D | (a, b) ∈ E} is the out-valency of a.
The cardinality of the set of predecessors {c ∈ D | (c, a) ∈ E} is
the in-valency.

s-arc: sequence u0u1 . . . us, (ui, ui+1) an edge, ui−1 6= ui+1.

D is s-arc-transitive if Aut(D) is transitive on the set of s-arcs.

highly arc-transitive: s-arc transitive for all s.

Example: infinite regular directed tree.

We say that D has property Z if there is a digraph homomorphism
from D onto Z.
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Descendant-homogeneous digraphs

Descendant sets

The descendant set desc(u) of a vertex u in D is the set of all vertices
which can be reached from u by an s-arc, for some s ≥ 0.

If D is transitive, then all subdigraphs desc(u) (u ∈ D) are isomorphic
to some fixed rooted digraph Γ. Refer to this as ‘the descendant set for
D’.

Finitely generated subdigraphs

We say that a subdigraph of a digraph is finitely generated if it is a
union of finitely many descendant sets. That is, it is of the form
desc(X) = ∪x∈Xdesc(x).

D is descendant-homogeneous if

D is transitive and any isomorphism between finitely generated
subdigraphs extends to an automorphism of D
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Descendant-homogeneous digraphs

Theorem (DA and John Truss, 2011)

An infinite regular tree of out-valency 1 is descendant-homogeneous.

However,

An infinite regular tree of out-valency > 1 is NOT
descendant-homogeneous.
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Descendant-homogeneous digraphs

Motivation

Homogeneous graphs (digraphs)

A graph (digraph) is homogeneous if it is countable and any
isomorphism between finite subgraphs (subdigraphs) extends to an
automorphism.

The class of infinite homogeneous graphs is classified by Lachlan and
Woodrow (1980). The class of infinite homogeneous digraphs is
classified by Cherlin (1998).

An infinite highly arc transitive digraph (1997)

David Evans constructs an infinite highly arc transitive digraph D such
that the descendant set of D is a q-valent directed tree.

We noted that his digraph had an additional property, analogous to
homogeneity, which we then called descendant-homogeneity
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Descendant-homogeneous digraphs

Theorem (DA and John Truss, 2011)

There are infinitely many pairwise non-isomorphic
descendant-homogeneous digraphs whose descendant sets are rooted
q-valent trees where 1 < q <∞.

Theorem (DA, David Evans and John Truss, 2011)

The digraphs constructed are the only descendant-homogeneous
digraphs in which the descendant set are rooted q-valent trees where
1 < q <∞.

The above digraphs do not have property Z and are imprimitive.
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Descendant-homogeneous digraphs with property Z

More examples: (DA and John Truss, 2011)

(1) Infinite regular trees of out-valency 1.

(2) .
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Descendant-homogeneous digraphs with property Z

All our examples are highly arc transitive and have a homomorphism
onto an infinite regular directed tree of out-valency 1.

Lemma

Let D be an infinite, transitive digraph with property Z. Then there is
an equivalence relation ∼ on the set of vertices of D (preserved by
Aut(D)) such that the quotient digraph D/ ∼ is an infinite regular
directed tree of out-valency 1.

.
Question: Is it possible to describe the descendant-homogeneous
digraphs which have property Z and are highly arc transitive?
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Distance transitive digraphs

Distance transitive digraph

A digraph D is (directed)-distance transitive if for every s ≥ 0, Aut(D)
is transitive on pairs (u, v) for which there is an s-arc from u to v, but
no t-arc for t < s.

Note that this implies vertex and edge transitivity but is weaker than
being highly arc transitive.

Let D be an infinite, distance transitive digraph of finite out-valency
m > 0 such that either D has infinite in-valency, or has no directed
cycles.
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Distance transitive digraphs

Let D be an infinite, distance transitive digraph of finite out-valency
m > 0 such that either D has infinite in-valency, or has no directed
cycles. Let Γ be its descendant set.

The digraph Γ has the following properties

P0 : Γ = Γ(α) is a rooted digraph with finite out-valency m > 0 and
Γs(α) ∩ Γt(α) = ∅ whenever s 6= t.

P1 : Γ(u) ∼= Γ for all u ∈ Γ.

P2 : For i ∈ N the automorphism group Aut(Γ) is transitive on Γi.

For i ≥ 1, let ri denote the in-valency of a vertex in Γi.
Hence 1 = r1 ≤ r2 ≤ . . . ≤ rn ≤ . . . is an infinite non-decreasing
sequence of natural numbers less or equal to m. Hence there is a least
natural number N := N(Γ) such that rj = rN for j ≥ N .

Daniela Amato (University of Braśılia)Descendant-homogeneous digraphs August 4, 2017 10 / 16



Distance transitive digraphs

Theorem

Let Γ be a digraph satisfying P0 to P2. Then

there is an equivalence relation ρ on Γ (refining the ‘layering’ of
Γ) such that Γ/ρ is a (rooted) tree;

there are, up to isomorphism, only countably many such Γ.
(Joint with David Evans, 2015).
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Recent results

Let D be an infinite, distance transitive, descendant-homogeneous
digraph with finite out-valency m > 0 and infinite in-valency (or no
directed cycles).

D is imprimitive.

Assume, moreover, that D has property Z.

rN = m and |Γi| = |ΓN−1| for all i ≥ N − 1

If N(Γ) = 1 then D is an infinite regular tree of out-valency 1.

If N(Γ) = 2 then D is isomorphic to the examples (3).

Corollary: if N(Γ) ∈ {1, 2} then D is highly arc transitive.
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Recent results

What about examples with N(Γ) ≥ 3?

For each N ≥ 3, we construct a highly arc transitive digraph DN

of finite out-valency and with N(Γ) = N .

DN has a homomorphism onto an infinite regular tree T of
out-valency 1 and in-valency L.

However, DN is NOT descendant-homogeneous.
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