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Difference sets

For a group G, identify a finite subset X C G with the element
Y xex X € QG of the group algebra.
Let X1 ={x"1:xe X}
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Difference sets

For a group G, identify a finite subset X C G with the element

Y xex X € QG of the group algebra.

Let X1 ={x"1:xe X}

Let G be a finite group, |G| = v. Then D C G is a difference set with

parameters (v, k, \) if every 1 # g € G can be written exactly A times as
ab~la,b € D. Here k = |D|. So

D? = \(G — 1) + k.
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Difference sets

For a group G, identify a finite subset X C G with the element

Y xex X € QG of the group algebra.

Let X1 ={x"1:xe X}

Let G be a finite group, |G| = v. Then D C G is a difference set with
parameters (v, k, \) if every 1 # g € G can be written exactly A times as
ab~la,b € D. Here k = |D|. So

D? = \(G — 1) + k.

For g € G the set Dg is another difference set.
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Difference sets

For a group G, identify a finite subset X C G with the element

Y xex X € QG of the group algebra.

Let X1 ={x"1:xe X}

Let G be a finite group, |G| = v. Then D C G is a difference set with
parameters (v, k, \) if every 1 # g € G can be written exactly A times as
ab~la,b € D. Here k = |D|. So

D? = \(G — 1) + k.
For g € G the set Dg is another difference set.
So we assume: there is a subgroup 1 # H < G such that

(1) DND™1=0=DnNH;
(2) G=DUD lUH.
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Parameters

Let
h=|H|, u=1G:H]|.

Then we have h > 1.

A group having a difference set of the above type will be called a (v, k, \)
relative skew Hadamard difference set group (with difference set D and
subgroup H).
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Main results

Theorem

Let G be a (v, k, \) relative skew Hadamard difference set group with
subgroup H and difference set D. Then
(i) h=u is even, v = |G| = h?, and

1 1
A=—-h(h—2), k=-h(h—1).

(i) Ha G;

(iii) each non-trivial coset Hg # H meets D in h/2 points;

(iv) H contains the subgroup generated by all the involutions in G;
(v) the subgroup H < G does not have a complement.
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Main results

Let ®(G) be the Frattini subgroup of G

Theorem

Let G be a group that is a (v, k, \) relative skew Hadamard difference set
group with subgroup H and difference set D. Then

(a) (i) every index 2 subgroup of G contains H and D meets each such
subgroup in exactly \ points.

(i) if N < G has odd prime index p, then H < N. Each non-trivial coset of
N meets D in 55h* elements, while [N N D| = 5-h(h — p).

(b) Now assume that G is also a 2-group. Then H < ®(G). Further, D
meets each maximal subgroup of G in exactly A points.
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Our original motivation for studying (v, k, \) relative skew Hadamard
difference set groups was to produce examples of Schur rings with a small
number of principal sets.

A subring & of the group algebra CG is called a Schur ring (or S-ring) if
there is a partition IC = {C;}/_; of G such that:

{lg} e K,
foreach Ce K, C1 e K;
G - CJ = Zk)\,-d-,ka; forall i,j <.
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Our original motivation for studying (v, k, \) relative skew Hadamard

difference set groups was to produce examples of Schur rings with a small
number of principal sets.

A subring & of the group algebra CG is called a Schur ring (or S-ring) if
there is a partition IC = {C;}/_; of G such that:

{lg} e K,
foreach Ce K, C1 e K;
G - CJ = Zk)\,-d-,ka; forall i,j <.

The C; are called the principal sets of &.
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Difference sets and Schur rings

Let G be a (v, k, \) relative skew Hadamard difference set group with
difference set D and subgroup H. Then

{1}, H\ {1}, D, DY,

are the principal sets of a commutative Schur-ring over G.
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Difference sets and Schur rings

Let G be a (v, k, \) relative skew Hadamard difference set group with
difference set D and subgroup H. Then

{1}, H\ {1}, D, DY,

are the principal sets of a commutative Schur-ring over G.

G is not cyclic.
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Difference sets and Minimal polynomials

Let G be a (v, k, \) relative skew Hadamard group with difference set D
and subgroup H. Then the minimal polynomial for D is

(D) = (x — k) (x+g) (xz—l-h;).

Further, the eigenvalues k,—h/2,ih/2,—ih/2 have multiplicities

1, h—1, h(h—1)/2, ,h(h—1)/2.
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Irreducible representation of G

One can say something about the image of D under an irreducible
representation of G:

Theorem

Let G be a (v, k, \) relative skew Hadamard group with difference set D
and subgroup H. Let p be a non-principal irreducible representation of G
of degree d. Then p(G) = 0ly,p(D~1) = p(D)* and we have one of:
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Irreducible representation of G

One can say something about the image of D under an irreducible
representation of G:

Theorem

Let G be a (v, k, \) relative skew Hadamard group with difference set D
and subgroup H. Let p be a non-principal irreducible representation of G
of degree d. Then p(G) = 0ly,p(D~1) = p(D)* and we have one of:

(i) p(H) = 0lg and p(D) ~ diag (18,228, ... eqi%), for some

Ej € {—1, 1},‘
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Irreducible representation of G

One can say something about the image of D under an irreducible
representation of G:

Theorem

Let G be a (v, k, \) relative skew Hadamard group with difference set D
and subgroup H. Let p be a non-principal irreducible representation of G
of degree d. Then p(G) = 0ly,p(D~1) = p(D)* and we have one of:

(i) p(H) = 0lg and p(D) ~ diag (18,228, ... eqi%), for some

Ej € {—1, 1},‘

(ii) p(H) = hlg and p(D) = —21,.
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Examples

We next give examples of families of (v, k, \) relative skew Hadamard

difference set groups. Let n > 2,0 < k < n — 1 and define the following
bi-infinite family of groups:

Spk =(a1,...,an, b1,.. .,b,,\a,2 = bj1k,1 < i< n,(indices taken mod n),
ay! = agby, a3 = a3bo, ..., a0" | = aky1bx,
(a1, ak+2) = (a1, ak+3) = - - = (a1, an) = 1,
(aiyaj) =1, for1 <i,j<n,
and by, ..., b, are central involutions).

Forn>2,0<k < n—1, the group &, is a relative skew Hadamard
difference set group.
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Proof for the examples

Let
H = (b1, by,...,bp).

Then a transversal for H in G is the set of products ax = aj, aj, - - - aj,,
where X = {i,i1,...,iu} C{1,2,...,n}.
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Proof for the examples

Let
H = (b1, by,...,bp).

Then a transversal for H in G is the set of products ax = aj, aj, - - - aj,,
where X = {i,i1,...,iu} C{1,2,...,n}.

Here ay = 1. We may also employ a similar notation for the elements
bx = bj,bj,--- b

iy -
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Proof for the examples

Let

H = (b1, ba,...,bp).
Then a transversal for H in G is the set of products ax = aj, aj, - - - aj,,
where X = {i,i1,...,iu} C{1,2,...,n}.

Here ay = 1. We may also employ a similar notation for the elements
bx = bj,bj,--- b

iy -

For g € G we have g2 € H. We define the hypothesis

(H1): there are distinct maximal subgroups My, ..., Man_3 of H, and an
ordering Si, ..., Spn_1 of the non-empty subsets of {1,...,n} so that
a%j ¢ M,’.
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Proof for the examples

Last step: take

D= Z as,M;.
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Proof for the examples

The groups &, , satisfy (H1).
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Proof for the examples

Proposition

The groups &, , satisfy (H1).

First step: show that the squares of the coset representatives
as,S C{1,2,...,n}, are distinct.
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Proof for the examples

The groups &, , satisfy (H1).

First step: show that the squares of the coset representatives
as,S C{1,2,...,n}, are distinct.

Second step: construct the Ms.
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Proof for the examples (ctd)

Let V =F3, V* =F3\ {0}. Nonempty subsets of S correspond bijectively
to elements of V*.
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Proof for the examples (ctd)

Let V =F3, V* =F3\ {0}. Nonempty subsets of S correspond bijectively
to elements of V*.

Maximal subgroups of H correspond to subspaces of V' of dimension n—1,
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Proof for the examples (ctd)

Let V =F3, V* =F3\ {0}. Nonempty subsets of S correspond bijectively
to elements of V*.

Maximal subgroups of H correspond to subspaces of V' of dimension n—1,
which, in turn, are determined by elements of V*.
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Proof for the examples (ctd)

Let V =F3, V* =F3\ {0}. Nonempty subsets of S correspond bijectively
to elements of V*.

Maximal subgroups of H correspond to subspaces of V' of dimension n—1,
which, in turn, are determined by elements of V*.

Given a maximal subgroup (or subspace) M we let vy, denote the
corresponding vector.
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Proof for the examples (ctd)

Let V =F3, V* =F3\ {0}. Nonempty subsets of S correspond bijectively
to elements of V*.

Maximal subgroups of H correspond to subspaces of V' of dimension n—1,
which, in turn, are determined by elements of V*.

Given a maximal subgroup (or subspace) M we let vy, denote the
corresponding vector.

Thus for (H1) we require S <+ Ms where vs < vy, with vs ¢ Ms i.e.
vs - viys = 1. But this correspondence determines, and is determined by, a
function

w: V= VX where v, - v

w(uy = 1 forall ue V>,

We now show how to construct such a function:
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Proof for the examples (ctd)

We will show there is such a function p that is an involution i.e.
pu(p(v)) =v forall v e V.
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Proof for the examples (ctd)

We will show there is such a function p that is an involution i.e.
pu(p(v)) =v forall v e V.
For 0 < k < n we let

(1,,0)=(1,1,1,...,1,0,...,0) € V,

where there are k 1s.
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Proof for the examples (ctd)

We will show there is such a function p that is an involution i.e.
pu(p(v)) =v forall v e V.
For 0 < k < n we let

(1,,0)=(1,1,1,...,1,0,...,0) € V,

where there are k 1s.
Write v € VX as v = (v, va,...,vy),v; € Fa. If 1 < k < nwhere vy =1
and v, = 0 for k +1 < m < n, then we let

M(V) = (lk—la 0) -V,
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Proof for the examples (ctd)

We will show there is such a function p that is an involution i.e.
pu(p(v)) =v forall v e V.
For 0 < k < n we let

(1,,0)=(1,1,1,...,1,0,...,0) € V,

where there are k 1s.
Write v € VX as v = (v, va,...,vy),v; € Fa. If 1 < k < nwhere vy =1
and v, = 0 for k +1 < m < n, then we let

p(v) = (1x-1,0) — v,
This satisfies p(v) - v = 1. Since the same k works for p(v), we have

p(p(v) = (1k-1,0) = ((1k-1,0) = v) = v.
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Proof for the examples (ctd)

Last step: take

D= Z asMs.

540
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The end

THE END
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