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ABSTRACT

Abstract

Consider the semidirect product G; = Zj, X, Z. Methods for
computation of the non-cancellation groups x(G; x G,) and x(G/),

k € N were developed in literature. We develop a general method of
computing x(Gy X Gy, h), where h: F — G; C G; x Gy and F a finite
group.
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Introduction

o N f.g. nilpotent group

@ G(N): isomorphism classes of f.g nilpotent groups M such that for
every prime p M, ~ N,

G(N) has a group structure

Xo : class of all G f.g. groups with [G, G] finite

Non cancellation set x(G):
set of all isomorphism classes of groups H such that G X Z= H x Z

N is a f.g nilpotent group [N, N] finite then G(N) = x(N)

X(G) has a group structure similar to the group structure on the
Mislin genus of a nilpotent x,- group

HXxZ%=GxZiff. Hy = G, (7 for every finite set of primes 7

Xo- group H, x(H) coincides with the restricted genus I'r(H) of H
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Introduction 2 continued....

e Fix F finite grp. h: F — G be a monomorphism
o Grpp: category of groups under F

@ objects: (G, h), (Gi1, k) group homomorphisms h : F — G and
k: F— G1

@ morphisms: group homomorphism 3 : G — G such that So h =k

e m-localization of an object: h: F — G is the object h; : F — G,
where 7 is set of primes

@ Xr: full subcategory of - groups

@ [¢(h): restricted genus: isomorphism classes k such that k. is
isomorphic to h; for k € Xr

@ F is a trivial group then Xf is identified with y,-groups

e F trivial : x(G, h), non cancellation group of G under F coincides
with x(G)
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Introduction 3 continued....

@ K be the class of groups: T %, F, F finite rank free abelian group T
finite abelian group

e H=G(mu)=Zm %, Z, (m,u) = 1.
e His a K- group
o K full subcategory of Grpp
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Problem Statement

o Let Gj = Zpm; Xy; Z and let h: F — G1 x Gy where F is a finite group
and h is a monomorphism. We develop a general method for
computing x(Gi x Gz, h).
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Non cancellation set of y,-groups

Xo- group G: assign a natural number n(G) = nynan3
e ny : exponent of Tg
e ny : exponent of Aut(T¢)
o n3 : exponent of the torsion of the center Tz,

G xo-group with [G : H] < o0, ; Tg = Ty

W={H < G, ([G: H],n)=1} then HXZ = G x Z.

K group, K X Z = G X Z,then exists J € W with J = K.
Given J1, € W, if [G : /1] = £1[G : J,)mod n, then J; = Jp
non-cancellation set x(G) coincides with the (finite) set

{[V] : J € W}.

e Z:/{1, =1} — x(G) induces a group structure on x(G)

e G nilpotent, x(G) coincides with Hilton-Mislin Genus.

R. Kwashira®> 2 Work with J.C. Mba3 ( Non-cancellation group of a direct produ



Non cancellation set of X-groups

0 G=UZmX,7Z
o w:7Z — Aut(Zm) automorphism of Z,, defined w(1)(t) = ut

o d : multiplicative order of u modulo m
° x(G) = Zg/{1, -1}
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Non cancellation group of a morphism (G, h)

e n=n(G), X(n)={ueN: (u,n)=1}
e Y(G,h) =
{ue X(n),;existK < G,;[G: K] =u, (K, hg) memberx(G,h)}
0 G, <G, ;T CGyand [G: G,] = uforeach ue Y(G,h)
@ hy: x — h(x) induced homomorphism
°¢:Y(G, h)— x(G,h)
e Y*(G,h) :image of Y(G,h)inZ}, Y*(G,h) < Z}
@ G xo-group, h: F — G monomorphism, F finite group
@ ¢:Y(G,h)/ £1 — x(G, h) induces a group structure on x(G, h)
e F trivial, x(G, h) = x(G)
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Non cancellation group of a morphism of an object in Kr

G=0mxy,7Z

t = d(G) : smallest invariant factors of Imw

V(G,h)={ue X(t)} st K <G, [G:K]=uand (K, hk) is a
member of x(G, h)

e V*(G, h) be the image of V(G,h) in Z;
@ Choose K < G of G s.t. (K, hx) member in x(G,h)and [G: K]=u
e t|n(G)
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Proposition

Let n=n(G) and p: Y(G,h) — x(G, h) be the epimorphism that takes
a residue modn and reduces it mod t. The epimorphism
¢:Y*(G,h) — x(G, h) factorises through the epimorphism &':

Y*(G, h) —>x(G, h)

| A

V*(G, h)
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Theorem

For m € V(G, h), the following conditions are equivalent:
(a) m € ker[V*(G, h) — x(G, h)].
(b) There exists o € Aut (T) with v o h = h such that & € Nay, 7 Imw

and for an automorphism )\ : Imw — Imw defined by v ++ ava ™!,
we have det(/\) = +m—! € V*(G, h).
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Non cancelation group of (G; X Gy, h)

G; = G(mj, u;) with ged(my, m) =1, ged(mj,u;) =1, i, j =1, 2
d;: multiplicative order of u; modulo m;

d = lem(dy, dz) and m = lem(my, my).

If ged(di,d2) =1 let t = did and if ged(dy, do) # 1 let

t = gcd(dl, d2)

G1 X Gy = (Zmy X Limy) Xy 72

w:Z? — Aut(Zmy X Zm,)
w(e) =wji: (t1, ) — (uf(i’l)
{e1, €2} standard basis of Z2

J=Imw =< wy,ws > is a free Zy4-module

6(i,2
t1, U2(I )tz)

R. Kwashira®> 2 Work with J.C. Mba3 ( Non-cancellation group of a direct produ



Non cancelation group of (Gy X Gy, h) continued...

o € End(J), det (o) € Zqg

Jio = NAut(TG1 x Gy )J

a € Aut(Tg x6,). /\, inner automorphism of J: A, : v+ ava™?

g»> be a multiple of g such that g»q divides m.
er = (1,0), & = (0,1) :elements of Tg, xq,
F= {aq2e2 pac Z} F < TGl><G2

h: F — G1 X Gy inclusion map
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An inner automorphism of Aut(Tq, xq,)

o Fix aw € J* such that a(x) = x Vx € F

@ exists a 2 x 2 matrix () of integers such that a(e;) = Zle ajiej

@ Suppose that A\, is the inner automorphism of J determined by .

Proposition

For the matrix (), i is a unit modulo m for i =1, 2.
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e a(0,¢2) = (0,q2) since (0,q2) € F

o a(0,q2) = (q2012, g222) = (0, q2)

e m divides a»

o g divides a5, while aps is a unit modulo m

v ()

o det(a) = aq1u — agitq

o Claim: a1 is a unit modulo m

@ «q1 is not a unit modulo m

@ let p common prime divisor of 17 and m

e p divides g and p divides det(«) contradiction!!! ( det(«) is a unit

modulo m ) (« is an automorphism).

@ Thus a11 is a unit modulo m.
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Proposition

The inner automorphism |\, of J coincides with the identity automorphism
of J.
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o for \, exists a matrix (/\;;) of integers such that A w; = wl/\”wé\z" for
each /

o let Aw;j =v;. Also Awj = awja™! = v; <= aw; = vja

2 S6(iyj
(*] aw,-(e,-) = a(u,-e,-) = Ej:l u,-( )aj,-ej
2 2 S(id) Nji

o via(e) =v; <Zj:1 aj,-ej> = ijl ajiu; e

2 (i 2 5(id) Nji
o 37 ulPajiey =52 aju; Ve
o=

e «ji is a unit modulo m

o u;'# = uymodm

o \; = 1lmodd

o A\; = 1lmodt, (t|d)
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Proof continued....

o jFi

awi(g)) = a(u’l)(g)) = alg) = Xj_, aiex
via(e) = Yy akjuf e

Therefore Zi:l Qi€ = Zi:l Ozkju,{\ki €

k = j. Since «j; is a unit modulo m

then u-/\"" = lmodm, thatis, \; = Omodd
Consequently A; = Omodt. Thus det(A,) =1
A, is identity on J
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Proposition
The pair (G1 X Go, h) is an object of K¢ for which (G x G, h) = Z;/ £ 1.

@ Proof
e Proposition follows from Theorem 1 and Proposition 3
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