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Regular rooted trees

Let X be a finite set called an alphabet, and let X ∗ be the set of
finite words over the alphabet X including the empty word, ∅.

X ∗ has the structure of an infinite regular rooted tree, T , where
the root corresponds to ∅ and two words u and v in X ∗ are
connected by an edge if u = vx or v = ux for some x ∈ X .

∅

0 1

00 01 10 11

Figure: If X = {0, 1} then T is a binary tree. If |X | = n, we say T is an
n-ary tree.
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Automorphisms of T

Definition

An automorphism of T is a bijection from X ∗ to X ∗ which
preserves the root and preserves edge incidences.

An element g in Aut(T ) can be regarded as a labeling of the
elements of X ∗ by permutations in the symmetric group Sn where
n = |X |, {g(v)}v∈X∗ .

If u = x1x2 · · · xm, where xi ∈ X then

ug := x
g(∅)
1 x

g(x1)
2 · · · xg(x1···xm−1)

m

Example:
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Automorphisms of T

For a vertex v ∈ X ∗, there is a natural isomorphism ρv from the
full subtree Tv consisting of all words in X ∗ which begin with v to
T itself via the map vw 7→ w .

Similarly subgroups of the Aut(T ) can have many fractal like
properties.

If we have an element g defined by a permutation labeling and
similarly zoom in on the Tv , we get another automorphism of T ,
called the state of g at v and denoted gv .
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Automorphisms of T

This allows us to decompose g as (g1, g2, · · · , gn)g(∅) where
n = |X |, g(∅) is the permutation labeling at ∅ and each gi is the
state of g at a vertex on the first level.

So we get an isomorphism: Aut(T ) ∼= Aut(T ) o Sn which is
(
∏

n Aut(T )) o Sn.

Rachel Skipper The congruence subgroup property for a family of branch groups



Automorphisms of T

This allows us to decompose g as (g1, g2, · · · , gn)g(∅) where
n = |X |, g(∅) is the permutation labeling at ∅ and each gi is the
state of g at a vertex on the first level.

So we get an isomorphism: Aut(T ) ∼= Aut(T ) o Sn which is
(
∏

n Aut(T )) o Sn.

Rachel Skipper The congruence subgroup property for a family of branch groups



Example

The Hanoi towers group

G3 = 〈a1, a2, a3〉
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Subgroups of H ≤ T

Subgroups arising from the structure of T
For a positive integer m, the mth level stabilizer, StabH(m)
are the elements of H which stabilizer every vertex on the mth
level.

An element g ∈ StabH(m) can be described by a tuple
(g1, . . . , gnm )m where gi is the state of g at the ith vertex on
the mth level.

For a positive integer m, the mth level rigid stabilizer,
RistH(m), is the subgroup of StabH(m) consisting of elements
of the form (g1, . . . , gnm )m such that for each i ,
(1, . . . , 1, gi , 1, . . . , 1)m is also an element of H where gi is in
the ith coordinate.

Example: (a1, a3a2, a1)1 is an element in the first level stabilizer of
the Hanoi towers group, but not in the rigid stabilizer.
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Branch groups

Definition

A group H of automorphisms of T is a branch group if H acts
transitively on all levels of T and for all m, RistH(m) has finite
index in H.
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Branch groups

Example: The Hanoi towers is a branch group.

Theorem (RS)

RistG3(m) =
∏

3m G ′3
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The congruence subgroup problem

A group of automorphisms H has the congruence subgroup
property if every subgroup of finite index contains a level stabilizer.

A branch group has the congruence subgroup property if and only
if

1 every subgroup of finite index contains a rigid stabilizer

2 and every rigid stabilizer contains a level stabilizer.
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The congruence subgroup problem for branch groups

There are infinitely many known examples of groups with both
property 1 and property 2.

First known examples of branch groups without the congruence
subgroup property were found by Pervova (2007).

Now there are infinitely many groups that have been shown to
have property 2 but not property 1.

Theorem (Bartholdi, Siegenthaler, Zalesskii, 2012)

G3 does not have property 2.
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The groups Gn

For a fixed n ≥ 3 and for 1 ≤ i ≤ n, let σi be the permutation
(1, 2, . . . , i − 1, i + 1, . . . , n) and let ai be the automorphism of the
n-ary tree defined recursively as ai := (1, . . . , 1, ai , 1, . . . , 1)σi

where ai is in the ith coordinate.

Definition

Gn := 〈a1, . . . , an〉.
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The groups Gn

Theorem (RS)

For all n, Gn is a branch group. For n = 4,
RistG4(m) =

∏
4m〈G ′n, a1a3a24, a2a3, a1a4〉, a subgroup of index 3.

And for all n ≥ 5 when n is odd
RistGn (m) =

∏
nm{g | g has even word length}, a subgroup of

index 2, and when n is even, RistGn (m) =
∏

nm Gn.
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The groups Gn

Theorem (RS)

For n = 4 and odd n ≥ 5, the mth level rigid stabilizer contains the
m + 1 level stabilizer and for even n ≥ 5 the mth level rigid
stabilizer is exactly the mth level stabilizer. Thus Gn has property
2 if and only if n 6= 3.

Theorem (RS)

For n ≥ 4, Gn does not have property 1, and thus does not have
the congruence subgroup property.

Corollary (RS)

Gn is just infinite if and only if n 6= 3.
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Restated in terms of profinite groups

Hiding here is a question about profinite groups.

A group has property 1 if the branch kernel

ker( lim←−
NEfi G

G/N � lim←−
m≥1

G/RistG (m))

is trivial
and property 2 if the rigid kernel

ker( lim←−
m≥1

G/RistG (m)� lim←−
m≥1

G/StabG (m))

is trivial.
These kernels are invariants of the group (Garrido, 2016)
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The groups Gn

Theorem (RS)

For even n ≥ 4, the branch kernel is∏
∞

H

where H is a finite abelian group of exponent between (n − 1) and
2(n − 1).

Although the groups Gn have trivial rigid kernel, from them we do
obtain new groups with non-trivial rigid kernel.

Theorem (RS)

For n ≥ 4 and d 6= 1 dividing (n − 1), let Hn,d be the set of
elements of Gn who have a representative with exponent sum on
a1, . . . , an congruent to 0 modulo d . Then Hn,d is a subgroup of
index d in Gn and is a branch group with non-trivial rigid kernel.
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Thank you!
Rachel Skipper

skipper@math.binghamton.edu
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