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Fusion Systems

Let G be a finite group and T a p-subgroup of G.
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Fusion Systems

Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.
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where ¢g|pg : P = Q,u— g lug.
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Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.
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where ¢g|pg : P = Q,u— g lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.
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Fusion Systems

Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.
where cg|p g : P — Q,u+— g~ lug.
Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:
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Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:

e Homz(P, Q) 2 Hom7 (P, Q),
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Fusion Systems

Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows
Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:

e Homz(P, Q) 2 Hom7 (P, Q),
o Every morphism is a composition of an isomorphism and an inclusion map, both of which are
in F.
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Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows
Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:
e Homz(P, Q) 2 Hom7 (P, Q),
o Every morphism is a composition of an isomorphism and an inclusion map, both of which are
in F.
@ Composition of morphisms is the composition of group homomorphisms.
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Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:

o Homz(P, Q) 2 Hom7(P, Q),
o Every morphism is a composition of an isomorphism and an inclusion map, both of which are
in F.
@ Composition of morphisms is the composition of group homomorphisms.
A saturated fusion system F over a finite p-group T is a fusion system which satisfies additional
properties.
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Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:

o Homz(P, Q) 2 Hom7(P, Q),
o Every morphism is a composition of an isomorphism and an inclusion map, both of which are
in F.
@ Composition of morphisms is the composition of group homomorphisms.
A saturated fusion system F over a finite p-group T is a fusion system which satisfies additional
properties.

@ There exists a unique largest fusion system, the "universal” fusion system U(T), where, for
every P, Q < T, Homy 1) (P, Q) = Inj(P, Q).
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Fusion Systems

Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:

e Homz(P, Q) 2 Hom7 (P, Q),

o Every morphism is a composition of an isomorphism and an inclusion map, both of which are

in F.

@ Composition of morphisms is the composition of group homomorphisms.
A saturated fusion system F over a finite p-group T is a fusion system which satisfies additional
properties.

@ There exists a unique largest fusion system, the "universal” fusion system U(T), where, for
every P, Q < T, Homy 1) (P, Q) = Inj(P, Q).

@ We have a unique smallest fusion system F7(T), where, for every P,Q < T,
Homz (1)(P, Q) = Homr(P, Q).
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Fusion Systems

Let G be a finite group and T a p-subgroup of G.A fusion category F1(G) is a category whose
objects are subgroups of T and whose morphisms are as follows

Homg (P, Q) = {¢ € Hom(P, Q) | ¢ = ¢z|p,@ where g € G and P® < Q}.

where cg|p g : P — Q,u+— g~ lug.

Idea of an abstract fusion system: Forget about G, while keeping the maps.

A fusion system F = F(T) over a finite p-group T is a category whose objects are subgroups of
T and whose morphisms are injective group homomorphisms such that for any P, Q < T:

e Homz(P, Q) 2 Hom7 (P, Q),

o Every morphism is a composition of an isomorphism and an inclusion map, both of which are

in F.

@ Composition of morphisms is the composition of group homomorphisms.
A saturated fusion system F over a finite p-group T is a fusion system which satisfies additional
properties.

@ There exists a unique largest fusion system, the "universal” fusion system U(T), where, for
every P, Q < T, Homy 1) (P, Q) = Inj(P, Q).

@ We have a unique smallest fusion system F7(T), where, for every P,Q < T,
Homz (1)(P, Q) = Homr(P, Q).

o Fr(T) < F(T) <U(T).
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Finite Groups 'Realizing’ Fusion Systems

Let T be a p-subgroup of a finite group G. Then F1(G) is a fusion system. If T € Syl,(G), then
Fr1(G) is a saturated fusion system.

Groups St Andrews 2017 Athar Ahmad Warraich 4



Finite Groups 'Realizing’ Fusion Systems

Let T be a p-subgroup of a finite group G. Then F1(G) is a fusion system. If T € Syl,(G), then
Fr1(G) is a saturated fusion system.

A saturated fusion system F over a finite p-group T is called exotic if it is not equal to F7(G)
for any finite G and T € Syl,(G). Otherwise it is called realizable.
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Infinite families of exotic fusion systems
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Infinite families of exotic fusion systems

Example (Infinite families of exotic fusion systems)

Let r =2k 4+ 1 > 5 be odd. Let B be a rank two 3-group of order 3" with the presentation
B =(s,s1,..,51 |8 = [si-1,5],[si,51] = 575} 15512 = s> = 1)

for2<i<r—1,1<j<r—1assuming that s, =s,.1 = 1.
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B =(s,s1,..,51 |8 = [si-1,5],[si,51] = 575} 15512 = s> = 1)

for2<i<r—1,1<j<r—1assuming that s, =s,.1 = 1.

o A= (s1,s). Then A2 (Zz X Z3) < B.
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Example (Infinite families of exotic fusion systems)

Let r =2k 4+ 1 > 5 be odd. Let B be a rank two 3-group of order 3" with the presentation
B =(s,s1,..,51 |8 = [si-1,5],[si,51] = 575} 15512 = s> = 1)

for2<i<r—1,1<j<r—1assuming that s, =s,.1 = 1.

o A= (s1,s). Then A2 (Zz X Z3) < B.
o B~ Ax(s)

@ B is a group maximal nilpotency class with the following lower central series

B>Ay>..>A_1=(z) >1, where A; = (s}, sj11)-

Groups St Andrews 2017 Athar Ahmad Warraich 5



Infinite families of exotic fusion systems

Example (Infinite families of exotic fusion systems)

Let r =2k 4+ 1 > 5 be odd. Let B be a rank two 3-group of order 3" with the presentation
B =(s,s1,..,51 |8 = [si-1,5],[si,51] = 575} 15512 = s> = 1)

for2<i<r—1,1<j<r—1assuming that s, =s,.1 = 1.

A= (s1,52). Then A (Zsk X Zsk) < B.
B>~ Ax(s)

B is a group maximal nilpotency class with the following lower central series

B>Ay>..>A_1=(z) >1, where A; = (s}, sj11)-

oV, = (ss{,sgkil) for i =—1,0,1. Then V; = Z3 X Z3, Out(V;) = GL2(3).
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Infinite families of exotic fusion systems

Example (Infinite families of exotic fusion systems)
Let r =2k 4+ 1 > 5 be odd. Let B be a rank two 3-group of order 3" with the presentation

B =(s,s1,..,51 |8 = [si-1,5],[si,51] = 575} 15512 = s> = 1)

for2<i<r—1,1<j<r—1assuming that s, =s,.1 = 1.

o A= (s1,s). Then A2 (Zz X Z3) < B.

o B~ Ax(s)
@ B is a group maximal nilpotency class with the following lower central series

B>Ay>..>A_1=(z) >1, where A; = (s}, sj11)-

Y for i =—1,0,1. Then V; = Z3 x Z3, Out(V;) = GLy(3).

oV, = (ss{,sgk
o Ej = (ssi,s¥ ") for i = —1,0,1. Then E = 312, Out(E;) = GL,(3).
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Infinite families of exotic fusion systems

Example (Infinite families of exotic fusion systems)

Let r =2k 4+ 1 > 5 be odd. Let B be a rank two 3-group of order 3" with the presentation
B =(s,s1,..,51 |8 = [si-1,5],[si,51] = 575} 15512 = s> = 1)

for2<i<r—1,1<j<r—1assuming that s, =s,.1 = 1.

o A= (s1,s). Then A2 (Zz X Z3) < B.
o B~ Ax(s)

@ B is a group maximal nilpotency class with the following lower central series

B>Ay>..>A_1=(z) >1, where A; = (s}, sj11)-

oV, = (ss{,sgkil) for i =—1,0,1. Then V; = Z3 X Z3, Out(V;) = GL2(3).

o Ej = (ssi,s¥ ") for i = —1,0,1. Then E = 312, Out(E;) = GL,(3).

ow:B%B:s»—)s‘l,sp—)s%Q n:B%:sHs,sp—)s(l.
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Infinite families of exotic fusion systems

Theorem (Alperin)

Let F be a saturated fusion system over a p-group T. Then F = (Autx(T), Autx(P) | P is F-essential in T)
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Infinite families of exotic fusion systems

Theorem (Alperin)

Let F be a saturated fusion system over a p-group T. Then F = (Autx(T), Autx(P) | P is F-essential in T)

heorem (Diaz, Ruiz, Viruel)

Let F be a saturated fusion system over B with at least one proper F-essential subgroup. Then the outer automorphism group of
the F-essential subgroups are as follows:
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Infinite families of exotic fusion systems

Theorem (Alperin)

Let F be a saturated fusion system over a p-group T. Then F = (Autx(T), Autx(P) | P is F-essential in T)

Theorem (Diaz, Ruiz, Viruel)

Let F be a saturated fusion system over B with at least one proper F-essential subgroup. Then the outer automorphism group of
the F-essential subgroups are as follows:
[ B [ Vo [ Eo [ & [ £ [ A |

(w) SL>(3)

(w) SL>(3) SL>(3)

(w) SL>(3) SL>(3) SL>(3)

(m) SL>(3)

(wn) SL>(3)

(n, w) GL>(3)

(n, w) SL(3)

(n, w) SL2(3) GL>(3)

(n, w) GL>(3)

(n, w) GL>(3) GL>(3)

(n, w) GL>(3) SL>(3)

(n, w) GL>(3) SL>(3) GL>(3)

(n, w) GL(3)

(n, w) GL>(3) GL>(3)

(n, w) GL>(3) SL>(3)

(m, w) GL>(3) SL>(3) GL>(3)
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Finite Groups 'Realizing’ Fusion Systems

Let T be a p-subgroup of a finite group G. Then F1(G) is a fusion system. If T € Syl,(G), then
Fr1(G) is a saturated fusion system.

A saturated fusion system F over a finite p-group T is called exotic if it is not equal to F7(G)
for any finite G and T € Syl,(G). Otherwise it is called realizable.
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Finite Groups 'Realizing’ Fusion Systems

Let T be a p-subgroup of a finite group G. Then F1(G) is a fusion system. If T € Syl,(G), then
Fr1(G) is a saturated fusion system.

A saturated fusion system F over a finite p-group T is called exotic if it is not equal to F7(G)
for any finite G and T € Syl,(G). Otherwise it is called realizable.

Theorem (Park, '10)

Let F be a saturated fusion system over a finite p-group T. Then there is a finite group G
containing T such that F = Fr(G) (with T not necessarily sylow in G).
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Finite Groups 'Realizing’ Fusion Systems

Let T be a p-subgroup of a finite group G. Then F1(G) is a fusion system. If T € Syl,(G), then
Fr1(G) is a saturated fusion system.

A saturated fusion system F over a finite p-group T is called exotic if it is not equal to F7(G)
for any finite G and T € Syl,(G). Otherwise it is called realizable.

Theorem (Park, '10)

Let F be a saturated fusion system over a finite p-group T. Then there is a finite group G
containing T such that F = Fr(G) (with T not necessarily sylow in G).

Theorem (Park, '15)

Let F be a fusion system over a finite p-group T. Then there is a finite group G containing T
such that F = F7(G) (with T not necessarily sylow in G ).
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Finite Groups 'Realizing’ Fusion Systems

Let T be a p-subgroup of a finite group G. Then F1(G) is a fusion system. If T € Syl,(G), then
Fr1(G) is a saturated fusion system.

A saturated fusion system F over a finite p-group T is called exotic if it is not equal to F7(G)
for any finite G and T € Syl,(G). Otherwise it is called realizable.

Theorem (Park, '10)

Let F be a saturated fusion system over a finite p-group T. Then there is a finite group G
containing T such that F = Fr(G) (with T not necessarily sylow in G).

Theorem (Park, '15)

Let F be a fusion system over a finite p-group T. Then there is a finite group G containing T
such that F = F7(G) (with T not necessarily sylow in G ).

Question: What is this G, and how do we construct it?
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Characteristic Sets

If G is a group and X is a (right) G-set we write

X6 ={xeX|x-g=xforall ge G}.
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Characteristic Sets

If G is a group and X is a (right) G-set we write
X6 ={xeX|x-g=xforall ge G}.
Let ¢ : P — Q for some P, Q < T. Define

AY = {(x,(x)¢) | x € P}.
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Characteristic Sets

If G is a group and X is a (right) G-set we write
X6 ={xeX|x-g=xforall ge G}.
Let ¢ : P — Q for some P, Q < T. Define
Af ={(x,(x)9) | x € P}.

Then the set of right cosets (T X T)/Af; is an (T x T)-set defined by right multiplication.
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Characteristic Sets

If G is a group and X is a (right) G-set we write
X6 ={xeX|x-g=xforall ge G}.
Let ¢ : P — Q for some P, Q < T. Define
Af ={(x,(x)9) | x € P}.

Then the set of right cosets (T X T)/Af; is an (T x T)-set defined by right multiplication.

0 Oy := (T x r)/Agd)
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Characteristic Sets

If G is a group and X is a (right) G-set we write
X6 ={xeX|x-g=xforall ge G}.
Let ¢ : P — Q for some P, Q < T. Define
AL = {(x,()) | x € P}.
Then the set of right cosets (T X T)/Af; is an (T x T)-set defined by right multiplication.
— ¢
0 Oy :=(T x T)/ADd)

AY
° O = ((T x T)/np,) "
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Characteristic Sets

If G is a group and X is a (right) G-set we write
X ={xeX|x-g=xforall ge G}.
Let ¢ : P — Q for some P, Q < T. Define
AL = {(x,()) | x € P}.
Then the set of right cosets (T X T)/Af; is an (T x T)-set defined by right multiplication.
— ¢
0 Oy :=(T x T)/ADd)

AY
° O = ((T x T)/np,) "

Let ¢, be two maps inside T. Then

[Ny, l|Cr(lp)l _ INT(Dy, Dy)IICT(ly)l

0% =

|Dy| - [Do|

where Ny, o = {x € T |3y € T with (Dy)* < Dy, and cx|p,, 0o poc, =¥}
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
@ Every orbit in Q is of the form O for some ¢ € F.
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
@ Every orbit in Q is of the form O for some ¢ € F.

° Q% = \Qld‘D¢| for every ¢ € F.
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
@ Every orbit in Q is of the form O for some ¢ € F.

° Q% = \Qld‘D¢| for every ¢ € F.
If additionally |Q2|/|T| # 0 mod p, then € is called (right) characteristic for F.
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
@ Every orbit in Q is of the form O for some ¢ € F.
° Q% = \Qld‘DM for every ¢ € F.
If additionally |Q2|/|T| # 0 mod p, then € is called (right) characteristic for F.

Lemma (Broto, Levi, Oliver, '03)

Let F be a saturated fusion system over a finite p-group T. Then there exists a characteristic set
for F.
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
@ Every orbit in Q is of the form O for some ¢ € F.
° Q% = \Qld‘D¢| for every ¢ € F.
If additionally |Q2|/|T| # 0 mod p, then € is called (right) characteristic for F.

Lemma (Broto, Levi, Oliver, '03)

Let F be a saturated fusion system over a finite p-group T. Then there exists a characteristic set
for F.

Lemma (Park, '15)

Let F be a fusion system over a finite p-group T. Then there exists a semicharacteristic set for F.
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Characteristic Sets

An T x T-set Q for F is (right) semicharacteristic if and only if
@ Every orbit in Q is of the form O for some ¢ € F.

° Q% = \Qld‘D¢| for every ¢ € F.
If additionally |Q2|/|T| # 0 mod p, then € is called (right) characteristic for F.

Lemma (Broto, Levi, Oliver, '03)

Let F be a saturated fusion system over a finite p-group T. Then there exists a characteristic set
for F.

Lemma (Park, '15)

Let F be a fusion system over a finite p-group T. Then there exists a semicharacteristic set for F.

Question: How do we construct Q7?
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Construction of Q
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
PEF
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
peF
Let ¢,9p € F. ¢ ~ 1, T-T-equivalent if Ix,y € T such that (Dy)* = Dy and
c|p, 0 pocy =1
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
PEF

Let ¢,9p € F. ¢ ~ 1, T-T-equivalent if Ix,y € T such that (Dy)* = Dy and
c|p, 0 pocy =1

o Let ¢,9 be conjugation maps with (D, )* = Dy for some x € T. Then ¢ ~ ¢.
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
PEF

Let ¢,9p € F. ¢ ~ 1, T-T-equivalent if Ix,y € T such that (Dy)* = Dy and
c|p, 0 pocy =1

o Let ¢,9 be conjugation maps with (D, )* = Dy for some x € T. Then ¢ ~ ¢.

@ The relation ~ is an equivalence relation.
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
PEF

Let ¢,9p € F. ¢ ~ 1, T-T-equivalent if Ix,y € T such that (Dy)* = Dy and
c|p, 0 pocy =1

o Let ¢,9 be conjugation maps with (D, )* = Dy for some x € T. Then ¢ ~ ¢.

@ The relation ~ is an equivalence relation.

Let F be a saturated fusion system over a finite p-group T. Let ¢, ¢1,1,11 € F. If ¢ ~ 1)1 and
¢~ ¢1, then |OY| = |O%}).
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
PEF

Let ¢,9p € F. ¢ ~ 1, T-T-equivalent if Ix,y € T such that (Dy)* = Dy and
c|p, 0 pocy =1

o Let ¢,9 be conjugation maps with (D, )* = Dy for some x € T. Then ¢ ~ ¢.

@ The relation ~ is an equivalence relation.

Let F be a saturated fusion system over a finite p-group T. Let ¢, ¢1,1,11 € F. If ¢ ~ 1)1 and
¢~ ¢1, then |OY| = |O%}).

Let ¢ € F. Define 'y = {op € F | ~ ¢} and T, a set of T-T-equivalence class representatives.
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Construction of Q

Q= || C(¢)- Oy for C(¢) >0
PEF

Let ¢,9p € F. ¢ ~ 1, T-T-equivalent if Ix,y € T such that (Dy)* = Dy and
c|p, 0 pocy =1

o Let ¢,9 be conjugation maps with (D, )* = Dy for some x € T. Then ¢ ~ ¢.

@ The relation ~ is an equivalence relation.

Let F be a saturated fusion system over a finite p-group T. Let ¢, ¢1,1,11 € F. If ¢ ~ 1)1 and
¢~ ¢1, then |OY| = |O%}).

Let ¢ € F. Define 'y = {op € F | ~ ¢} and T, a set of T-T-equivalence class representatives.

Q= |_| Ci(¢) - Oy,

per

where Ci(¢) = Zwe% C(y) > 0.
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Construction of G
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Construction of G

Theorem (Park, '10)

Let F be a fusion system [saturated fusion system] over a finite p-group T. Let Q be a right
semicharacteristic set [characteristic set] corresponding to F. Define G to be a group of
permutations of ) that preserve the action on the right in the following way:
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permutations of ) that preserve the action on the right in the following way:

G ={m € Sym(Q) | (xo (s1,%))7T = (xo(s1,1))7(1,s2) for all x € Q,s1,5 € T}
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G ={m € Sym(Q) | (xo (s1,%))7T = (xo(s1,1))7(1,s2) for all x € Q,s1,5 € T}

Then F = F1(G), under the identification . : T < G : s — (x — (x o (s71,1))).
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Construction of G

Theorem (Park, '10)

Let F be a fusion system [saturated fusion system] over a finite p-group T. Let Q be a right
semicharacteristic set [characteristic set] corresponding to F. Define G to be a group of
permutations of ) that preserve the action on the right in the following way:

G ={m € Sym(Q) | (xo (s1,%))7T = (xo(s1,1))7(1,s2) for all x € Q,s1,5 € T}

Then F = F1(G), under the identification . : T < G : s — (x — (x o (s71,1))).

o G = T1Sym(|Q|/|T|)

The exoticity index, e(F), for any fusion system F, over a finite p-group T is:

min{log,|S: T|| T < S € Syl,(G) for some finite G with F = F7(G)}.
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Then F = F1(G), under the identification . : T < G : s — (x — (x o (s71,1))).

o G = T1Sym(|Q|/|T|)

The exoticity index, e(F), for any fusion system F, over a finite p-group T is:
min{log,|S: T|| T < S € Syl,(G) for some finite G with F = F7(G)}.

An upper bound of the exoticity index derived from the theorem is

(121/IT| = Llog, (| T|) + Z Llﬂl/\TlJ
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Construction of G

Theorem (Park, '10)

Let F be a fusion system [saturated fusion system] over a finite p-group T. Let Q be a right
semicharacteristic set [characteristic set] corresponding to F. Define G to be a group of
permutations of ) that preserve the action on the right in the following way:

G ={m € Sym(Q) | (xo (s1,%))7T = (xo(s1,1))7(1,s2) for all x € Q,s1,5 € T}

Then F = F1(G), under the identification . : T < G : s — (x — (x o (s71,1))).

o G = T1Sym(|Q|/|T|)

The exoticity index, e(F), for any fusion system F, over a finite p-group T is:
min{log,|S: T|| T < S € Syl,(G) for some finite G with F = F7(G)}.

An upper bound of the exoticity index derived from the theorem is

(121/IT| = Llog, (| T|) + Z Llﬂl/\TlJ

o Smaller characteristic set = smaller exoticity index.
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Construction of G

Theorem (Park, '10)

Let F be a fusion system [saturated fusion system] over a finite p-group T. Let Q be a right
semicharacteristic set [characteristic set] corresponding to F. Define G to be a group of
permutations of ) that preserve the action on the right in the following way:

G ={m € Sym(Q) | (xo (s1,%))7T = (xo(s1,1))7(1,s2) for all x € Q,s1,5 € T}

Then F = F1(G), under the identification . : T < G : s — (x — (x o (s71,1))).

o G = T1Sym(|Q|/|T|)

The exoticity index, e(F), for any fusion system F, over a finite p-group T is:
min{log,|S: T|| T < S € Syl,(G) for some finite G with F = F7(G)}.

An upper bound of the exoticity index derived from the theorem is

(121/IT| = Llog, (| T|) + Z Llﬂl/\TlJ

o Smaller characteristic set = smaller exoticity index.
o ¢(F) # 0 & Fis exotic.
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Infinite families of exotic fusion systems

Theorem (Diaz, Ruiz, Viruel)

Let F be a saturated fusion system over B with at least one proper F-essential subgroup. Then
the outer automorphism group of the F-essential subgroups are as follows:
LT [ Y% [ & [ & [E [A |

(w) SL>(3)

(w) SL>(3) SL5(3)

(w) SL>(3) SL>(3) SL>(3)

(m) SL>(3)

(wn) SL(3)

(n, w) GLy(3)

(n, w) SL>(3)

(n, w) SL>(3) GL>(3)

(n, w) GL>(3)

(n, w) GL>(3) GL>(3)

(n, w) GL>(3) SL>(3)

(n, w) GL>(3) SL>(3) GL>(3)

(n, w) GL>(3)

(n, w) GL(3) GL>(3)

(n, w) GL(3) SL>(3)

(n, w) GL>(3) SL>(3) GL>(3)
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Infinite families of exotic fusion systems

Example (1)

Let F = (Autz(T),Autrs(Ep)) with Outz(T) = (w) and Outx(Vp) = SL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q=(0yUO0,)U ”k(oldl<s,z> U OW|(5,Z> ) U (Og, U (990_1)

where n, = 32k=3 _ 1 and the maps

k=1 gk—1 _1
Op: Eg — Eg:s— s ;si s
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Infinite families of exotic fusion systems

Example (1)

Let F = (Autz(T),Autrs(Ep)) with Outz(T) = (w) and Outx(Vp) = SL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q=(0yUO0,)U ”k(oldl<s,z> U OW|(5,Z> ) U (Og, U (990_1)

where n, = 32k=3 _ 1 and the maps

k=1 gk—1 _1
Op: Eg — Eg:s— s ;si s

o The exoticity index satisfies e(F) < (3%—2 — 1)?(4k + 3) — 4k.

Groups St Andrews 2017 Athar Ahmad Warraich



Infinite families of exotic fusion systems

Example (1)

Let F = (Autz(T),Autrs(Ep)) with Outz(T) = (w) and Outx(Vp) = SL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q=(0yUO0,)U ”k(oldl<s,z> U OW|(5,Z> ) U (Og, U (990_1)

where n, = 32k=3 _ 1 and the maps

k=1 gk—1 _1
Op: Eg — Eg:s— s ;si s

o The exoticity index satisfies e(F) < (3%—2 — 1)?(4k + 3) — 4k.
o k=2 = e(F) < 696
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Infinite families of exotic fusion systems

Example (1)

Let F = (Autz(T),Autrs(Ep)) with Outz(T) = (w) and Outx(Vp) = SL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q=(0yUO0,)U ”k(oldl<s,z> U OW|(5,Z> ) U (Og, U (990_1)

where n, = 32k=3 _ 1 and the maps

k=1 gk—1 _1
Op: Eg — Eg:s— s ;si s

o The exoticity index satisfies e(F) < (32k—2 — 1)?(4k + 3) — 4k.
o k=2 = e(F) < 696
e k=3 = e(F)595x10*
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Infinite families of exotic fusion systems

Example (1)

Let F = (Autz(T),Autrs(Ep)) with Outz(T) = (w) and Outx(Vp) = SL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q= (Old |_|(DL,.;)L’nk(C)Ml(SYZ> o )L’(Ogo ero—l)

wl(s,z)

where n, = 32k=3 _ 1 and the maps

k=1 gk—1 _1
Op: Eg — Eg:s— s ;si s

The exoticity index satisfies e(F) < (3%—2 — 1)?(4k + 3) — 4k.
k=2 = e(F) <696

k=3 = e(F) <95 x 10

k=4 = e(F) g 1.0x 107
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Example (2)

Let F = (Autz(T), Autz(A)) with Out#(T) = (w,n) and Outz(A) = GL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q= (Og U Ou U Oy U Ouop) U (O, UO,—1UOa, UOg,)
A

2
where, if ax = —(a?_; —3ak_1 +3) (mod 3%); a; =0 (mod 3) and by = 11:: (mod 3),
then

_ a by | e by _ | e —bx
Oa = —(ax +1) —ak:| 1A = |:1 — 2a —ak} sand G4 = |:2ak -1 ak j|
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Example (2)

Let F = (Autz(T), Autz(A)) with Out#(T) = (w,n) and Outz(A) = GL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q= (Og U Ou U Oy U Ouop) U (O, UO,—1UOa, UOg,)
A

2
where, if ax = —(a?_; —3ak_1 +3) (mod 3%); a; =0 (mod 3) and by = 11:: (mod 3),
then

_ a by | e by _ | e —bx
Oa = —(ax +1) —ak:| 1A = |:1 — 2a —ak} sand G4 = |:2ak -1 ak j|

@ The exoticity index satisfies e(F) < 30k + 21.
o k=2 = e(F)<8L
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Example (2)

Let F = (Autz(T), Autz(A)) with Out#(T) = (w,n) and Outz(A) = GL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q= (Og U Ou U Oy U Ouop) U (O, UO,—1UOa, UOg,)
A

2
where, if ax = —(a?_; —3ak_1 +3) (mod 3%); a; =0 (mod 3) and by = 11:: (mod 3),
then

_ a by | e by _ | e —bx
Oa = —(ax +1) —ak:| 1A = |:1 — 2a —ak} sand G4 = |:2ak -1 ak j|

@ The exoticity index satisfies e(F) < 30k + 21.
o k=2 = e(F)<8L
o k=3 = e(F)<1l11.
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Example (2)

Let F = (Autz(T), Autz(A)) with Out#(T) = (w,n) and Outz(A) = GL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q= (Og U Ou U Oy U Ouop) U (O, UO,—1UOa, UOg,)
A

2
where, if ax = —(a?_; —3ak_1 +3) (mod 3%); a; =0 (mod 3) and by = 11:: (mod 3),
then
_ ay by _ ak by - —by
Oa = —(ax +1) —ak:| 1A = |:1 — 2a —ak} sand G4 = |:2ak -1 ak j|

The exoticity index satisfies e(F) < 30k + 21.
k=2 = e(F) <8l

k=3 = e(F) <111

k=4 — e(F) <141
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Example (2)

Let F = (Autz(T), Autz(A)) with Out#(T) = (w,n) and Outz(A) = GL»(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q= (Og U Ou U Oy U Ouop) U (O, UO,—1UOa, UOg,)
A

2
where, if ax = —(a?_; —3ak_1 +3) (mod 3%); a; =0 (mod 3) and by = 11:: (mod 3),
then

_ ak by _ ag by [ —ax by
Oa = —(ax +1) —ak:| 1A = |:1 — 2a —ak} sand G4 = |:2ak -1 ak j|

The exoticity index satisfies e(F) < 30k + 21.
k=2 = e(F) <8l

k=3 = e(F) <111

k=4 = e(F) <141

F is realizable, via G =2 A x GLy(3) = e(F) =0.
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Example (3)

Let F = (Autz(T), Autz(Vo)), with Outz(T) = (w,n) and Outz(Vo) = GL2(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by
Q2(O0gUO, UO, UOuon) U my - (O|d|(s> (] OW|(5) (] O”?\(s) [ OWOTI|(5>)

(] (Ogvo U 09;1 (] OO‘VO U OBVO)
0

where my = 3%¢=2 _ 1 and the maps:

0V0:V0—>V0:S>—>Z;Z>—>S_1

ay, Vo> W:is—zz—s
1

ﬁVO:V()—)VQ:S>—>Zil;Z'—)57
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Example (3)

Let F = (Autz(T), Autz(Vo)), with Outz(T) = (w,n) and Outz(Vo) = GL2(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q2(O0gUO, UO, UOuon) U my - (Old|<5> uo
(] (Ogvo U 09;01 (] OO‘VO U OBVO)

wl(sy L On\(s) u Ow°n|(5>)

where my = 3%¢=2 _ 1 and the maps:

GVO:V0—>V0:S>—>Z;Z>—>5_1

ay, Vo> W:is—zz—s
1

,BVO:VO—>V0:5HZ’1;Zb—>s’

o The exoticity index satisfies e(F) < 2(3%~1 — 1)?(4k + 3) — 4k.
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Let F = (Autz(T), Autz(Vo)), with Outz(T) = (w,n) and Outz(Vo) = GL2(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q2(O0gUO, UO, UOuon) U my - (Old|<5> uo
(] (Ogvo U 09;01 (] OO‘VO U OBVO)

wl(sy L On\(s) u Ow°n|(5>)

where my = 3%¢=2 _ 1 and the maps:

GVO:V0—>V0:S>—>Z;Z>—>5_1

ay, Vo> W:is—zz—s
1

,BVO:VO—>V0:5HZ’1;Zb—>s’

o The exoticity index satisfies e(F) < 2(3%~1 — 1)?(4k + 3) — 4k.
o k=2 = e(F)S15x10*
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Example (3)

Let F = (Autz(T), Autz(Vo)), with Outz(T) = (w,n) and Outz(Vo) = GL2(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q2(O0gUO, UO, UOuon) U my - (Old|<5> uo
(] (Ogvo U 09;01 (] OO‘VO U OBVO)

wl(sy L On\(s) u Ow°n|(5>)

where my = 3%¢=2 _ 1 and the maps:

GVO:V0—>V0:S>—>Z;Z>—>5_1

ay, Vo> W:is—zz—s
1

,BVO:VO—>V0:5HZ’1;Zb—>s’

o The exoticity index satisfies e(F) < 2(3%~1 — 1)?(4k + 3) — 4k.
o k=2 = e(F)S15x10*
o k=3 = e(F)<1.8x10°
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Example (3)

Let F = (Autz(T), Autz(Vo)), with Outz(T) = (w,n) and Outz(Vo) = GL2(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q2(O0gUO, UO, UOuon) U my - (Old|<5> uo
(] (Ogvo U 09;01 (] OO‘VO U OBVO)

wl(sy L On\(s) u Ow°n|(5>)

where my = 3%¢=2 _ 1 and the maps:

GVO:V0—>V0:S>—>Z;Z>—>5_1

ay, Vo> W:is—zz—s

By, : Vo= Vo:is—z Lz st

The exoticity index satisfies e(F) < 2(32k~1 — 1)?(4k + 3) — 4k.
k=2 = e(F)g$15x10*
o k=3 = e(F)<1.8x10°
k=4 = e(F)<1.8x 108
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Example (3)

Let F = (Autz(T), Autz(Vo)), with Outz(T) = (w,n) and Outz(Vo) = GL2(3) be a saturated
fusion system over B. Then the minimal characteristic set is given by

Q %(OH U0, U O”I [N} Owon) L my - (Old|<5> uo

wl(sy U Onl gy H Owonlyy)

(] (Ogvo U 09;1 (] OO‘VO U OBVO)
0

where my = 3%¢=2 _ 1 and the maps:

GVO:V0—>V0:S>—>Z;Z>—>5_1

ay, Vo> W:is—zz—s

By, : Vo= Vo:is—z Lz st

The exoticity index satisfies e(F) < 2(32k~1 — 1)?(4k + 3) — 4k.
k=2 = e(F)g$15x10*

o k=3 = e(F)<1.8x10°

k=4 = e(F)$18x 108

F is realizable, = e(F) =0.
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Infinite families of exotic fusion systems

Theorem (Diaz, Ruiz, Viruel)

Let F be a saturated fusion system over B with at least one proper F-essential subgroup. Then

the outer automorphism group of the F-essential subgroups are as follows:

[ [T [Wo [EB  [& [E.. A [ 1Q/IT]
V| (W) SL>(3) 2(3%=2 _1)?
V| (w) SLy(3) | SL2(3) 2[2-3%K=2(3%k=2 _3) 4 q]
V| () SL,(3) | SL2(3) | SL2(3) 3F—1(3%—2 _2) 4 1]
() SL(3)
(wn) | SL03)
V| (n,w) GL(3) | 2*
V| (n,w) SL,(3) PREE—AE =2 =2
(n, w) SL>(3) GL>(3)
V| (n,w) GL>(3) 22(3%k=2 _1)?
(n, w) GL,(3) GL,(3)
(n, w) GL>(3) | SL2(3)
(n, w) GL>(3) | SL2(3) GL>(3)
V| (n,w) | GLx(3) (B2
(n,w) | GLo(3) GL>(3)
V| (n,w) | GL(3) SL,(3) 223 384 _of . 30k—2
17 . 3%—4 _ 93 . 32%k—2 4
(n,w) | GLy(3) SL>(3) GL>(3)
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Thank You For Listening!
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