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Professor Arthur Erdélyi, F.R.S.E., F.R.S., died suddenly at his home in Edin-
burgh on December 12, 1977, at the age of 69. His academic life was spent at both
the University of Edinburgh and the California Institute of Technology, although
the stronger claim on him is perhaps that of Edinburgh where he arrived as a refugee
from Czechoslovakia in 1939 and to which he returned in 1964 after sixteen years at
Caltech. His greatest contributions to knowledge were in the area of asymptotic
analysis and special functions, although he also made major contributions in many
other fields, in particular generalized functions, singular perturbations, fractional
integration, and the analytic theory of partial differential equations. His breadth of
mathematical knowledge was extraordinary, ranging over the entire spectrum of
pure and applied mathematics. This wide range of interest was reflected in his distinc-
tion as a teacher, and his students now occupy academic posts throughout North
America and Great Britain. He was a man of great wisdom and broad vision, and
his influence will live on in his published work as well as in the minds of innumerable
friends and colleagues throughout the world.

For assistance in preparing this article I am grateful to R. Askey, W. L. Edge,
D.S. Jones, A. G. Mackie, A. McBride, F. W. J. Olver, R. E. O’Malley, I. N. Sneddon,
J. Todd and J. Wimp. For their help 1 would like to express my deepest appreciation.

Arthur Erdélyi was born in Budapest, Hungary, on October 2, 1908, the first child
of Ignac and Frieda Diamant. After his father’s death he was adopted by his mother’s
second husband, Paul Erdélyi. He attended primary school in Budapest from 1914
to 1918 and secondary school in the same town from 1918 to 1926. During this time
in Budapest student *“ circles ’ were organized in the schools to pursue topics outside
the normal syllabus. Erdélyi played an active role in several of these groups, in
particular those devoted to Hungarian literature and mathematics. At the same time
in Hungary there existed a mathematics journal which devoted itself exclusively to
the needs of students in secondary schools, mainly through the means of expository
articles and problems, and Erdélyi was an avid reader of this journal. His life long
devotion to mathematics can be traced back to this time.

The problem of pursuing a University education was complicated by the fact that
there existed a numerus clausus which made it difficult for Jews to study at Hungarian
institutes of higher education. As a result Erdélyi enrolled at the Deutsche Technische
Hochschule in Brno, Czechoslovakia, to study electrical engineering. In order to
obtain a degree at the Technische Hochschule it was necessacy to pass two * State
Examinations ”’, one in mathematics, physics, and related scientific subjects, and the
other in professional subjects. Erdélyi passed the first of these with distinction in
1928, but never completed work for the second. This was not at all uncommon in
Central Europe at the time, since the need actually to obtain a degree before leaving
University was not a prerequisite for a successful career as it is at present. In fact
more important to Erdélyt’s subsequent career was the fact that during his first year
at the Technische Hochschule he was awarded both the first and the second prizes
in a mathematics competition organized by the Professor for Algebra and Geometry.

[BuLL. LONDON MATH. Soc., 11 (1979), [191-207]
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192 ARTHUR ERDELYI

Based on this virtuoso display, the Professor of Mathematical Analysis urged Erdélyi
to devote himself to mathematics. Erdélyi chose to follow his advice and began
active research in 1930, his first paper appearing in 1934. In 1937, he matriculated
at the German University of Prague, submitted a collection of papers in lieu of a
thesis, and was awarded the degree of Doctor rerum naturalium in 1938. Under
normal circumstances a successful career in mathematics in Czechoslovakia would
have been assured.

Unfortunately, normal circumstances did not prevail in Czechoslovakia in 1938.
The graduation ceremony of 1938 was the last the German University of Prague held
before being taken over by the Nazis. As a Jew, Erdélyi was ordered either to leave
the country by the end of the year or to risk internment in a concentration camp. In
desperation he wrote to E. T. Whittaker at Edinburgh to inquire if any means of
support were available. The choice of Whittaker was not accidental. Although not
yet thirty years of age, Erdélyi had by that time published over twenty papers, most
of them concerned with the confluent hypergeometric function which had been
discovered by Whittaker in 1904. However providing a place for Erdélyi was not easy
since the British government had a policy of not issuing a visa for refugees unless £400
per annum could be guaranteed for support. Through the dedicated efforts of Whit-
taker and Professor S. Brodetsky of Leeds, these funds were finally collected, and in
December, 1938, Whittaker wrote to Erdélyi that the way was now open to securing
a visa. The offer came just in time, as evidenced by Erdélyi’s correspondence with
Whittaker. ““ Necessity and danger ”, he wrote to Whittaker on January 26, 1939,
““ compel me to trouble you once more . . . You know, perhaps, what it means today
if a Jew is to be put on the German or Hungarian frontier ’. In the last days of
January, 1939, Erdélyi was finally able to depart from Czechoslovakia, and in February
appeared at the Mathematical Ipstitute in Edinburgh. Other members of Erdélyi’s
family were not so fortunate: two brothers and a sister were later to die in concentra-
tion camps.

For the next few years, Erdélyi continued work under a research grant from
Edinburgh University and financial support from the Society for the Protection of
Science and Learning. His publications continued unabated, and in recognition of
his widening international reputation the University awarded him the degree of
Doctor of Science in 1940. However life was difficult for him at that time, both
financially and because of the insecurity of his position. In a letter of January, 1948,
Aitken recalled that * for two or three years, from 1939 on, when he escaped from
Hitler’s descent on Prague and came to us, he lived like Lazarus on the crumbs from
Dives’ table while doing all kinds of unobtrusive work in our Department . Finally
in 1941, Whittaker managed to persuade the University to make Erdélyi an Assistant
Lecturer. His appointment was celebrated by his colleagues in the form of a welcom-
ing tea party and, despite wartime austerities, a large chocolate cake. In 1942 he was
appointed Lecturer and, with his security now assured, married Eva Neuburg,
daughter of Frederic and Helene Neuburg and second cousin of Max Perutz, F.R.S.

Erdélyi was now able to enter more fully into the life of the Department and to
participate actively in the war effort by serving as a consultant to the British Ad-
miralty. In this last connection frequent visits were made to London to consult with
G. E. H. Reuter, D. H. Sadler, and J. Todd, and out of these discussions came a
proposal for a National Mathematical Laboratory (which ultimately came to pass as
a Division of the National Physical Laboratory). However, the steady progress of
Erdélyi’s career as a British don was soon to be interrupted by the death in America
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ARTHUR ERDELYI 193

of Harry Bateman, who left behind him notes on special functions amounting to a
veritable mountain of paper that demanded editing and publication. Since Whittaker
was at that time the world’s senior authority on special functions, and had known
Bateman as a student at Cambridge, he was contacted by the California Institute of
Technology and asked if he could recommend someone to supervise the editing and
publication of the Bateman manuscripts. Without hesitation he recommended
Erdélyi, and on July 1, 1947, Erdélyi took up a position as Visiting Professor of
Mathematics at Caltech, thus beginning his sixteen-year association with what was
then, and is today, one of the outstanding centres of scientific learning in the world.

Erdélyi’s initial appointment at Caltech was for one year, and his duty was to
cvaluate the contents of the Bateman manuscripts and to determine the time needed
to prepare them for publication. After a careful study he reported that the job might
take as much as fifteen years! An alternative possibility was that the same job could
probably be done by four highly trained mathematicians working over a period of
four years. The last proposal was agreed to by Caltech and followed up by an offer
to Erdélyi of a permanent Full Professorship at Caltech, with directing the Bateman
Manuscript Project as part of his duties. Edinburgh responded by promoting him to
Senior Lecturer, but the attraction of a Professorship at Caltech at double his Edin-
burgh salary proved to be irresistible, and after returning to Edinburgh for the
session 1948-49, he resigned his position at Edinburgh and moved to America.
With him were to come F. G. Tricomi from the University of Torino, W. Magnus
from the University of Gottingen, and F. Oberhettinger from the University of Mainz
to form, along with Erdélyi, the famous team that produced the three volumes of
Higher Transcendental Functions and the two-volume work Tables of Integral Trans-
Sforms. These books were destined to be among the most widely cited mathematical
works of all time and a basic reference source for generations of applied mathe-
maticians and physicists throughout the world. The most important part of this
work, Higher Transcendental Functions, remains to this date the most scholarly and
comprehensive treatment of the special functions of mathematical physics that is
yet available, and the mathematical community is indeed fortunate that Erdélyi was
willing to spend a number of years out of the most productive period of his life to
complete this task.

The direction of the Bateman Manuscript Project was by no means easy. To
begin with, the notes left by Bateman were in a chaotic state and primarily orientated
towards the numerical evaluation of special functions. Furthermore, some of the
analytic results on which these numerical procedures were based were simply in-
correct. Therefore the team of Erdélyi, Tricomi, Magnus and Oberhettinger decided
to proceed on their own, collecting, summarising, and often creating new results
when the literature proved inadequate. Further problems arose in preserving the
delicate working balance between established scholars, each of whom had his own
ideas and prejudices on how best to proceed. In this last task Erdélyi was masterful,
and by tack, courtesy and compromise he judiciously assigned areas of concentration
to each of the collaborators and managed to.avoid any crippling disagreements. By
1951 the task was essentially completed and Erdélyi was once again able to devote
his full time to the pursuit of his own research.

The Bateman Manuscript Project marked a turning point in Erdélyi’s develop-
ment as a mathematician. Until this time most of his work was in special functions,
and although the results were often striking and elegant, the investigations were
mainly undertaken for their own sake and not, in general, to illuminate other areas
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194 ARTHUR ERDELYI

of mathematics. However as the Bateman Manuscript Project neared completion
Erdélyi quickly became involved with investigations into a variety of different areas,
in particular the analytic theory of singular partial differential equations ({90], [99]),
diffraction theory ([104], [109]), and the asymptotic expansion of solutions to differ-
ential equations ([107], [110]). Most important of these investigations was his work
on asymptotics, and under a contract with the Office of Naval Research, a long series
of papers on asymptotic expansions of integrals and solutions to differential equations
began appearing around 1950 authored by Erdélyi and his co-workers. Much of
this work was summarised in Asymptotic Expansions which Erdélyi published in 1956,
and this short paperback soon became the standard work in the area. These investiga-
tions on asymptotic analysis were influenced by the work then being undertaken in the
Guggenheim Aeronautical Laboratory by Lagerstrom, Kaplun, and their co-workers
on the theory of singular perturbations, and Erdélyi’s life-long interest in singular
perturbation theory can be traced back to this time. All in all, it was an exciting time
to be at Caltech, and Erdélyi, at the peak of his powers, soon became one of the
outstanding members of what was already an illustrious faculty.

As the years progressed and Erdélyi’s international stature grew, he continued
broadening and deepening himself as a mathematician, laying the foundations for
the rest of his life’s work. In the early 1960°s his book Operational Calculus and
Generalized Functions appeared, as well as his early work in singular perturbation
theory ([131], [134], [137], [143], [144]), and fundamental papers on the asymptotic
evaluation of integrals ([130], [149]). It was at this time (1960~1964) that I first met
him as an undergraduate student, and still recall the awe and respect with which he
was held by the student body, mainly due to his reputation as a teacher since we were
too mathematically immature to appreciate his stature as a mathematician. I took
a course on distribution theory from him, grading the papers as well, and was so
totally captivated by his lectures that I decided to abandon my infatuation with
topology and venture into distribution theory as a graduate student! He had a
similar effect on other students, seemingly regardless of what course he taught. At that
time it was difficult to imagine him in any other environment than Caltech. However
events had occurred at Edinburgh which were to cause Erdélyi, at the age of 55, to
make yet another major change in his life.

During the years that Erdélyi was at Caltech, Whittaker had retired and had been
succeeded by Aitken. However, by 1963, Aitken was in very poor health and the
Department was in desperate need of strong and effective leadership. As a result, a
second Chair of Mathematics was created and although Erdélyi did not officially
apply he was formally invited to allow his name to be put forward. It was a difficult
decision for him to make. Although Erdélyi had a deep attraction to the city of
Edinburgh and a strong sense of indebtedness to the University for offering him a
place of refuge in 1939, it was not easy to leave the exciting atmosphere of Caltech
and the close friends he had made there. There were further problems of the prospect
of being burdened with administration and the lack of adequate secretarial help.
Equally serious was the question of superannuation, since he had cashed in his
F.S.S.U. benefits in 1949. However, in the end, the attractions of Edinburgh were too
strong, and on the day before his 55th birthday he wrote to accept the invitation to
become a candidate. His nomination was quickly accepted and in July, 1964, Erdélyi
arrived in Edinburgh to take up his position as Professor of Mathematics.

His first few years in Edinburgh were a busy time for him. The Department was
in a depressed situation, as evidenced by a sadly out-dated mathematical syllabus and
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ARTHUR ERDELYI 195

the lack of an effective postgraduate programme. I recall that when I arrived in 1965
to begin working on my Ph.D under Erdélyi, I was the only graduate student in
analysis in the Department, and I couldn’t help but compare the situation in Edinburgh
with the active mathematical life I had known at Wisconsin (where I had just obtained
my Master’s degree). Erdélyi must have had similiar thoughts when he recalled his
recent years at Caltech. However, in a short period of time, F. F. Bonsall arrived to
take up his Professorship at Edinburgh, bringing with him a sizable group of students
from Newcastle, and shortly thereafter Jet Wimp arrived from the States to become
Erdélyi’s second student at Edinburgh. An active postgraduate seminar was initiated
and under Erdélyi’s guiding hand, with strong support from his staff, the Department
began to regain the distinction it held in previous years. With the arrival of A. G.
Mackie in 1968 to take up the Chair of Applied Mathematics, the Mathematics
Department at Edinburgh became a true multi-professorial department and the
administrative burden became somewhat less onerous. Erdélyi now managed to find
more time to participate in the cultural life of Edinburgh, take long walks in the
Scottish countryside, and involve himself in musical evenings with friends, where he
played the violin with virtuoso ability.

Gradually, Erdélyi became the revered elder statesman of Scottish mathematics
and, attracted by his name, visitors arrived in Edinburgh from all over the world.
Regardless of what area they spoke on, Erdélyi almost always made well-informed
questions or comments at the end of the talk which clarified things and often led on
to productive discussion. In spite of his duties in the Department and University,
his research continued unabated, with a regular stream of papers appearing on
singular perturbation theory, singular partial differential equations, fractional
integrals of generalized functions, and the asymptotic evaluation of integrals. In
1973 he had a serious illness but, making a remarkable recovery, continued doing
research, giving lectures, and actively participating in Scottish mathematical life
until he died. His death came suddenly on December 12, 1977, but his work and
influence will remain in the numerous contributions he made to mathematics for over
forty years.

These contributions had been duly honoured. In 1940 he was awarded the degree
of Doctor of Science from the University of Edinburgh and in 1945 he was elected
a Fellow of the Royal Society of Edinburgh. In 1953 he became a Foreign Member
of the Academy of Sciences of Torino, and in 1975 a Fellow of the Royal Society of
London. The Gunning Victoria Jubilee Prize of the Royal Society of Edinburgh was
awarded to him in 1977, the only mathematician to receive it in recent years other
than Sir William Hodge. During the years he served the mathematical community
in a variety of administrative roles, including the Presidency of the Edinburgh Mathe-
matical Society, Council Member of the American Mathematical Society, membership
on a variety of advisory bodies appointed by the National Academy of Sciences, and
joint or associate editorships of numerous periodicals. He held Visiting Professorships
at the Hebrew University, Jerusalem, in 1956-57, and at the University of Melbourne
in 1970. In addition to his visiting appointments, he lectured widely throughout the
world, one of these being an invited lecture at the 1954 International Congress of
Mathematicians in Amsterdam. The work he initiated and encouraged has been
carried on by his students, who tc the best of my knowledge are listed below:—

1952 R. H. Owens
1952 P. G. Rooney
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196 ARTHUR ERDELYI

1957 C. A. Swanson
1959 J. Rice

1960 T. Boehme
1963 D. W. Willett
1964 J. W. Macki
1967 D. L. Colton
1968 J. Wimp

1969 J. Searl

1971 A. McBride

For an indication of the range of Erdélyi’s interests, and the impact his research has
made in the mathematical world, the reader should consult the special issues of
Applicable Analysis which have been dedicated to his memory, as well as the Pro-
ceedings of the 1978 Dundee Conference on Differential Equations which was also
dedicated to him. In these special volumes many of Erdélyi’s former students and
colleagues have come together to provide a lasting memorial to his work and the
influence it continues to exert on current mathematical research.

Below I attempt to describe Erdélyi’s major contributions to mathematics under
five major headings. Due to the volume and breadth of his work 1 have only attempted
to outline the highlights, and this evaluation is, of course, biased by my own limita-
tions and prejudices. I have already acknowledged, on the first page of this article,
the help of several of Erdélyi’s former friends and colleagues in the preparation of
this survey. I, of course, accept responsibility for any errors, omissions, or incorrect
judgments. The grouping is in some aspects rather arbitrary. In particular it would
not have been unreasonable to include a separate heading under ‘ generalized
functions *’ since his book Generalized Functions and Operational Calculus was one of
the first to appear on this topic, and both interpreted and extended the original work
of Mikusinski. However since his most important work in this area was so intimately
connected with the theory of fractional integration, I have, with some hesitation,
decided to include his work on generalized functions under this latter heading.

Special Functions

Erdélyi began his mathematical career with the confluent hypergeometric function
and before arriving in Edinburgh in 1939 had already established himself as a leading
expert in the area of special functions. In Edinburgh he continued to pursue his
investigations, broadening his interests into generalized hypergeometric functions,
classical orthogonal polynomials, and in particular Lamé functions where he pub-
lished a series of fundamental papers ([64), [70], [74], [75], [87])). This interest in
solutions of Lamé’s equation was extended to include other equations of Heun type
([72], [73], [76], [79]). By the time he arrived at Caltech he probably had more
knowledge of the special functions of mathematical physics than any other person
alive at that time, with the possible exception of Whittaker. As such he was the
obvious choice to lead the Bateman Manuscript Project, and the completion of this
Gargantuan task firmly established his world wide reputation in this area. Due to the
breadth and volume of his work a proper evaluation of his contributions to the theory
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ARTHUR ERDELYI 197

of special functions is difficult, but it is perhaps fair to say that until his arrival at
Caltech much of his work was in special functions for their own sake, in particular
the derivation of often remarkable identities, integral representations, and expansion
formulae. In this sense his work before 1950 can probably best be viewed as a pre-
paration for his work on the Bateman Manuscript Project. (There are obviously
many exceptions to this statement, for example, his early work on fractional integra-
tion ([59], [60]) which laid the groundwork for much of his later investigations in
this area, and his paper of 1947 ([84]) where he first introduced the concept of an
asymptotic scale which was to strongly influence his later work on the asymptotic
evaluation of integrals. These developments will be discussed under the appropriate
headings). For the mathematical community the years invested in preparing himself
for the Bateman Manuscript Project were well spent. The publication of Higher
Transcendental Functions provided the bridge that made it possible for many people
to go beyond what was in Whittaker and Watson’s Modern Analysis and educated a
new generation who had been brought up thinking that abstract methods would
solve all problems. The three volumes of Higher Transcendental Functions provided
in the 1950’s the one source that gave enough facts in a useful way so that potential
users of this material could see what was known and what was still needing to be
discovered. For a more complete appraisal of the impact that Higher Transcendental
Functions made on the scientific community the reader is urged to consult the remarks
by Richard Askey in the special issue of Applicable Analysis dedicated to Erdélyi.

It should perhaps be mentioned that in his later years Erdélyi tended to look less
favourably on his early work in special functions and instead emphasised his sub-
sequent investigations into asymptotic analysis, fractional integration, singular
perturbations, and generalized functions. From a broad mathematical perspective
this was probably correct. However without the work he carried out in the 1930’s and
1940’s he could not have brought the Bateman Manuscript Project to its masterful
conclusion, and for this task the mathematical community must forever be in his debt.

After the completion of Higher Transcendental Functions Erdélyi remained in-
terested in special functions, but turned more in the direction of asymptotic analysis.
This aspect of his work will be discussed under the appropriate heading.

Singular Perturbation Theory

In the early 1950’s the Guggenheim Aeronautics Laboratory at Caltech was
heavily involved in the development of an improved boundary layer theory for viscous
fluid flow past obstacles. This effort, led by Kaplun and Lagerstrom, produced an
amazingly general philosophy for attacking singular perturbation problems for
ordinary differential equations which came to be known as the method of matched
asymptotic expansions. At the same time, in the mathematics department, a research
team under the direction of Erdélyi was re-examining the theory of linear differential
equations with large parameters, and the proximity of these closely related projects
inevitably caused them to be profitably intermixed.

Erdélyi’s first publication in the area of singular perturbations appeared in 1961
([134]) where he presented a simplified mathematical treatment of the Kaplun-
Lagerstrom matching principle. His paper of 1961 was followed ([137], [143]) by an
investigation of two point boundary value problems for nonlinear scalar equations
of the form

ey’ =f(t,y,y';¢€).
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198 ARTHUR ERDELYI

Based on integral equation techniques Erdélyi was able to show rigorously that the
solution had the composite form of an outer solution, boundary layer, and uniform
error term. Similiar results had been given earlier by Coddington, Levinson and
Wasow, but under more restrictive conditions. Extensions of these results were
subsequently given by Erdélyi’s students Willett and Macki, and a rigorous discussion
of the necessary topics in singular integral equations was provided by Erdélyi in
[152]. In a related direction Erdélyi showed how his theorems could be applied to
construct approximate solutions to singular nonlinear boundary value problems for
ordinary differential equations ({159]).

A modification of the method of matched asymptotic expansions is to attempt to
construct the expansion directly without developing outer and inner expansions and
matching. This process is known as the two variable expansion, and initial steps in
the development of a rigorous mathematical theory for this approach were given by
Erdélyi in [158]. In this analysis Erdélyi invoked his theory of general asymptotic
expansions and asymptotic scales, a subject which I shall return {o in my discussion
of Erdélyi’s work in asymptotic analysis.

As in all the other areas he worked in, Erdélyi’s influence extended far beyond that
generated by his published papers. Of equal importance to his publications must be
ranked his frequent reassessments of current progress and problems (c.f. [144], [171],
[174]), his careful efforts at editorial work and refereeing chores, and his encourage-
ment of younger workers. This aspect of his work, combined with his publications,
made Erdélyi one of the leading world figures in the theory of singular perturbations.

Asymptotic Analysis

Erdélyi’s investigations in the 1950’s on the asymptotic theory of differential
equations with transition points or singularities was of course closely related to his
later work on singular perturbation problems. This research was the outgrowth of the
efforts made by a research team (led by Erdélyi) in the mathematics department
under a grant from the Office of Naval Research, and a lucid survey of this work was
provided by Erdélyi in [125]. A further excellent account of the general theory of
asymptotic solutions of ordinary differential equations was given in [133] and it
seems a pity to me that these notes were not given a wider circulation. The basic
problem considered by Erdélyi and his co-workers was the uniform asymptotic
approximation to solutions of the differential equation

Y+ [Ap(x) +r(x, Dy =0

where A is a large parameter, r(x, 2) is ¢ small”’ in comparison with A2p(x), x is a real
variable ranging over a finite or infinite open interval (a, b), and p(x) is real and
changes sign at ¢, a < ¢ < b. At c itself p(x) has either a simple zero or simple pole.
Investigations were also made in the case where x is a complex variable. This study
was of course related to the fundamental work carried out in this field by Langer,
Cherry, and Olver. Erdélyi’s contribution was to present for a reasonably general
class of problems a systematic treatment of the singular Volterra integral equations
which arose in showing that a formal solution was in fact an asymptotic approxima-
tion. Such a contribution was of course precisely what the practitioner desired,
since such results could be applied in a number of cases of practical importance,
while at the same time they reduced the ad hoc investigations of specific integral
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ARTHUR ERDELYI 199

representations or other special formulae to a minimum. These results were sub-
sequently applied by Erdélyi to obtain asymptotic representations of Bessel functions
([125]), parabolic cylinder functions ([110]), Whittaker’s confluent hypergeometric
function ([122]), and Laguerre polynomials ([135]). A systematic account of the
treatment of the singular integral equations arising in the asymptotic theory of
ordinary differential equations can be found in [128)], [142] and [152].

Erdélyi’s most important contributions to asymptotic analysis were perhaps made
in the area of asymptotic evaluation of integrals. Fundamental to much of his in-
vestigations was the idea of an asymptotic scale and generalized asymptotic expansion,
an idea which dates back at least to H. Schmidt but which Erdélyi was the first to
exploit on a systematic basis. The basic concept is simple: {¢,} is called an asymptotic

o0

scale if ¢, = o(¢p,) as z — z, in a sector S and the formal series Y. F, of functions

n=0
F,= F,(z) is said to be an asymptotic expansion of the function F = F(z) with
respect to the scale {¢,} if for each fixed N = 0

F= 3 Fy=0 (4.

If, in particular F, = c,¢,, where c, is independent of z, then the asymptotic expansion
is said to be of Poincaré type, for which a general theory had been available for a
considerable time. The idea of a generalized asymptotic expansion was first used by
Erdélyi in 1947 ([84]) and was gradually developed by him over the years in his
investigations on the asymptotic expansion of integrals, as well as in his study of
singular perturbation problems. (For an excellent survey of this area of Erdélyi’s
work the reader is referred to the survey paper ““ Uniform Scale Functions and the
Asymptotic Expansion of Integrals”’ by Jet Wimp which will appear in the Proceed-
ings of the 1978 Dundee Conference on Differential Equations dedicated to Erdélyi).
In the course of his investigations into the asymptotic expansion of integrals Erdélyi
obtained a series of striking and useful results. Of particular note were his extensions
of the method of Laplace and the method of stationary phase to integrands with
logarithmic and algebraic singularities ([114], [119], [130], [169]) and his paper with
Tricomi generalizing Watson’s lemma to loop integrals ([97]). In the former connec-
tion, his papers on the method of stationary phase helped remove the last vestiges of
mystery that had attended this method since its introduction by Stokes and Kelvin
in the nineteenth century. However of all his work in this area, his papers [130] and
[149] are probably the most impressive. In these papers Erdélyi presented his final
version of the concept of a general asymptotic expansion and applied this theory to
the uniform asymptotic expansion of Laplace integrals as well as to more general
integrals involving several independent parameters. An application of these results
yielded new theorems on the asymptotic expansion of Laplace integrals involving
logarithms and exponential functions, as well as an elegant and unified treatment of
Watson’s lemma, Darboux’s method, and the asymptotic behaviour of functions in
transition regions. In particular it is shown that the Poincaré type definition of an
asymptotic expansion is much too narrow for a satisfactory discussion of the asympto-
tic behaviour of functions depending on more than one parameter.

Any discussion of Erdélyi’s work on asymptotic analysis would be incomplete
without mentioning his book Asymptotic Expansions, which at the time of its appear-
ance was the only modern work on this topic available in English. In addition to
presenting many new results, it gave a masterful survey of the major themes of
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200 ARTHUR ERDELYI

asymptotic analysis, and is by now regarded as one of the classic monographs on the
subject. A Russian and Polish translation of this work appeared in 1962 and 1967
respectively.

Singular Partial Differential Equations

Erdélyi’s interest in singular partial differential equations arose out of his earlier
work on hypergeometric functions, and in particular his study of Appell series.
These series satisfy a singular system of partial differential equations and although
ten solutions of this system were known as early as 1893, they were insufficient to
provide fundamental systems in a neighbourhood of all the singular points. For this
another fifteen solutions are necessary, and these were obtained by Erdélyi in a paper
appearing in Acta Mathematica in 1950 ([90]). The basic problem which needed to
be solved was how to obtain a fundamental system of solutions in a neighbourhood
of singular points where three singular curves intersect, and Erdélyi’s paper of 1950
was the first to show how this could be done. A survey of this and related work was
presented in a talk to the American Mathematical Society in 1951 and published in
[99].

Erdélyi did not return to the area of singular partial differential equations for
five years. His interest was finally revived in this subject by the publications of
Alexander Weinstein on the generalized axially symmetric potential equation (GASPE)

Pu Fu ko

+— +
ox*  ayr  y oy

where k is a real parameter. In addition to its appearance in a variety of areas of
applied mathematics, this equation is of interest since it is probably the simplest
example of a partial differential equation with a regular singular line. Erdélyi’s first
paper on this equation appeared in 1956 ([120]) and related the location of singularities
of regular solutions of GASPE to the location of singularities of u(x, 0) in the complex
x-plane. Shortly before this time, following a suggestion put to him by Erdélyi,
Gabor Szegd had published his paper “ On the Singularities of Zonal Harmonic
Expansions ”, and these two papers together laid the foundation for a large part of
the later developments in the analytic theory of partial differential equations. In
particular the work of Szegé and Erdélyi led to subsequent publications by Nehari,
Henrici, and Gilbert, and ultimately to R. P. Gilbert’s book Function Theoretic
Methods in Partial Differential Equations.

The basic tool used in Erdélyi’s classic paper of 1956 ([120]) was fractional in-
tegration operators, and he continued making use of these operators in all his future
work on singular equations of the GASPE type. In 1958 ([123]) Erdélyi and Copson
used fractional integration operators and the Mellin transform to study a singular
hyperbolic equation with two intersecting singular lines, and in 1965 Erdélyi returned
to his study of fractional integration and the generalized axially symmetric potential
equation ([154], [155]). His last paper on this subject appeared in 1970 ([163]) in
which he utilized fractional integration operators to study the Euler-Poisson-Darboux
equation.

Erdélyi’s interest in operators of fractional integration of course dated back to
well before his application of these operators to the study of axially symmetric
potential theory, and he continued his investigation of these operators until his death.
This aspect of Erdélyi’s work will be discussed in the following section.
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ARTHUR ERDELY1 201

Fractional Integration

Although Erdélyi used fractional integration in a variety of papers on special
functions published in 1939 and 1940 ([50], [57], [S8]), his first major contribution
appeared in [S9] and [60], partly in collaboration with H. Kober. In these papers
Erdélyi and Kober introduced ‘“ homogeneous” modifications of the Riemann-
Liouville and Weyl fractional integrals and discussed their connection with the
Hankel transform. These generalized fractional integration operators are now
normally called Erdélyi-Kober operators, and are defined by the formulae

xoH-e

I"()

Iof (%) = j (=) ~yf (3)dy

Ky.of (9) = f (v =X)Ly~ (y)dy.

1"()

If the modified operator S, , of Hankel transforms is defined by
S af )= X7 [ Y70, 003 G)dy
0

then Erdélyi and Kober derived a series of relationships between the operators
S and K, ,, typical of which are

n, ® 'la’

In+a, ﬁsq,zz = Sn,a—H}
Ky, oSpta, = Sy, atp

Sy+a, 8Sna = Iy, asp
Sn, uSn+a,ll = Ku,a:+ﬁ'

For over twenty years the results of these papers lay dormant, until in 1961 Erdélyi
and I. N. Sneddon came together as research lecturers at the Canadian Mathematical
Congress in Montreal. At that time, Sneddon was giving a series of lectures on
mixed boundary value problems, and mentioned that a unified treatment of the dual
integral equations that arose in such problems depended on developing certain
relationships between Hankel transforms and operators of fractional integration.
This of course was precisely the topic treated by Erdélyi and Kober in 1940, and
hence the paper [139] was born. This paper presented for the first time a systematic
and unified treatment of a rather general class of dual integral equations appearing in
various areas of application. Further applications of operators of fractional integra-
tion to problems involving integral equations were made by Erdélyi in [151] and [160].
For an excellent survey of Erdélyi’s (and others) work in this area, I refer the reader
to I. N. Sneddon’s paper “The Use in Mathematical Physics of Erdélyi-Kober
Operators and Some of Their Generalizations*” in Springer-Verlag Lecture Notes
in Mathematics, Volume 457.

All of the above work was carried through within the context of classical functions.
However in his later years, influenced by Zemanian’s book Generalized Integral
Transformations, Erdélyi began to extend fractional calculus to generalized functions
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202 ARTHUR ERDELYI

([166], [167], [170]). The approach adopted by Erdélyi was based on the observation
that the Riemann-Liouville and Weyl operators are adjoint to one another and hence
constructing a space of testing functions on which one of these operators is continuous
enables one to define the other for a corresponding class of generalized functions.
This work on fractional integrals of generalized functions was subsequently extended
to include the Stieltjes transform ([175]), and at the time of his death Erdélyi was
actively developing and refining his investigations in this area. His work is now being
carried on by his student, Adam McBride, and a research monograph by Dr McBride
will appear shortly with Pitman Publishing.

One cannot leave the subject of Erdélyi’s research without emphasising several
points. One of these is the sheer breadth and quantity, as well as quality, of his
efforts. In the above discussion I have only been able to comment briefly on the main
directions of his research, and have not explicitly referred to many of his papers,
for example, his early work on special functions and his papers on functional trans-
formations ([93]), variational principles in diffraction theory ([104]), etc. He was an
excellent expositor, and with is broad interests had something to say in many areas
of mathematics, ranging from non-standard analysis ([147]) to distribution theory
([129]). His reputation was based on much more than his published papers, although
this alone would have sufficed to make him one of the leading analyists of his day.
It was rather a combination of his mathematical scholarship, his interest and en-
thusiasm for mathematics, his concern for younger workers, and his willingness to
devole his time in aid of the mathematical community that won Erdélyi the admiration
and respect of an entire generation of mathematicians. He will be deeply missed and
the role he played in the mathematical world will not easily be replaced.

Publications of Arthur Erdélyi
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