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Thus [e(m) be,(n)][ne, (n)]* = [mez(m)]* [e4(m) be, (n)],
80 eg(m) bn¥ e, (n) f = eg(m)m* be,(n)f

for all feD,.. Let a—>oo and then B—co (strong limits) and we obtain
bn*f=m*bf. Hence bn* =m*b and the proof is complete.

References.

1. N. Dunford, *‘ Spectral operators ’, Pacific Journal of Math., 4 (1954), 321-354.
B. Fuglede, *“ A commutativity theorem for normal operators”, Proc. Nat. Acad.
U.S.4., 36 (1950), 35.

3. P. R. Halmos, ‘‘ Commutativity and spectral properties of normal operators ”, Acta
Scientiarum Mathematicarum, 12 (1950), 153-156.

4. E. Hille, Functional analysis and semi-groups (American Math. Soc. Colloquium Pub-
lications, vol. 31, 1948).

5. C. R. Putnam, ‘‘ On normal operators in Hilbert space ”, American J. of Math., 73
(1951), 357-362.

6. J. v. Neumann, ‘ Approximative properties of matrices of high finite order ”’, Portugaliae

Mathematica, 3 (1942), 1-62.

‘University of Virginia,
Charlottesville, Virginia, U.S.A.

HANS LUDWIG HAMBURGER
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Hans Ludwig Hamburger was born in Berlin on 5 August, 1889.
From 1907 to 1914 he studied at the Universities of Berlin, Lausanne,
Gottingen and Munich. He obtained his doctorate at the University of
Munich in 1914 and his “ Habilitation ” at the University of Berlin in
1919. He became Ausserordentlicher Professor of the University of
Berlin in 1922, and Ordentlicher 6ffentlicher Professor and Director of
the Mathematical Institute of the University of Cologne in 1924. In
1927 he married Malla Jessen. This marriage was later dissolved.

Hamburger left Cologne in 1935 and was living with his mother in
Berlin until he came to England in 1939. In 1941 he became Lecturer in
Mathematics at the University College, now the University, of Southamp-
ton. He enjoyed working in this country and often expressed his admira-
tion of the English way of life. Nevertheless, he welcomed the opportunity
to take a Chair again when the invitation came in 1947 from the University
of Ankara. He remained there until 1953, when he resumed his Professor-
ship in Cologne. The return to Cologne gave him great pleasure, for his
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mathematical loyalty had remained centred in Germany. He paid two
visits to the U.S.A. between 1950 and 1956 from which there resulted the
publications in the Proceedings of the Stillwater Symposium ([43], [44]) and
a technical report (not yet published as far as I know) with the cooperation
of Arlen Brown and Shlomo Sternberg, on primitive operators of deficiency
(m, m), for a research project contract between the Office of Scientific
Research and the University of Chicago Department of Mathematics.

Hamburger had not been in good health since his last years in Ankara.
He died in Cologne, after a short severe illness, at the age of 67, on
14 August, 1956, only two months after his marriage to Vera
Schereschewsky.

In carrying out his mathematical research, Hamburger formed the
habit of working far into the early morning hours and of sleeping in the
afternoon. He claimed that this made possible a more intense concentra-
tion. In his relaxed and non-mathematical moments he sought society
and enjoyed conversation. He was an enthusiastic dancer, skier and
climber; he was knowledgeable about modern art, he enjoyed the theatre
and, rather late in life, he came to have a great interest in music. As a
colleague he was stimulating though exacting; as a companion he was
gay and entertaining.

Throughout Hamburger’s published work there recurs evidence of
the effect of his early interest in differential geometry and mathematical
methods. He had easy control over complicated analytical manipulations
and long-sustained detailed investigations, and he turned again and again
to geometrical interpretations to provide both motivating ideas and
illustrative examples. The course of his work on each of the main problems
that he tackled follows the same pattern; a series of shorter preparatory
papers on different aspects of the problem, followed by a very detailed
complete account, usually spread over two or three papers. There are
two distinct periods of activity, before and after 1942. '

The work of the first period contains important contributions in two
fields; that of differential geometry and partial differential equations, as
well as that of continued fractions and the Stieltjes moment problem with
which his name is probably most frequently associated. The work on the
moment problem incorporated earlier results of Stieltjes, Perron and others,
generalized them and gave new proofs and presentations. The moment
problem formulated by Stieltjes is that of finding, for a given sequence of
real constants c,, a real non-decreasing function ¢(u) such that

c,,=j:u"d¢(u).

A necessary condition for a solution is that two sets of Hankel deter-
minants formed from the constants should be positive and, moreover, if
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they are positive there is at least one solution. Stieltjes called the problem
determined if there is precisely one solution and undetermined if there is
more than one. Hamburger’s advance on the earlier results consisted of
dropping half the sufficiency condition for the existence of a solution
(he took one set of determinants positive and the other set not all zero)
and of replacing the integral requirement by the more general form

¢, = r u” dep(u).

-—00

Further, he gave necessary and sufficient conditions for the problem to be
determined in terms of what he called the “ complete ” convergence of
an associated continued fraction. Finally, he also gave the criterion in
terms of the properties of a pair of associated quadratic forms of which the
given constants are the coefficients. The work contained considerable
detail about the convergence of continued fractions and the behaviour of
associated power series. As a by-product there were results on the
completeness of certain systems of orthogonal functions in [0, o) which
included the Laguerre polynomials.

The work of the first period culminated in three papers concerned
with the proof of Carathéodory’s conjecture that on every closed (analytic)
surface of genus O there are at least two umbilics. The truth of the
conjecture was first established, in a paper of 23 pages, under certain
regularity conditions for the surface, and then, in two further papers of
156 pages, for the general case for which a long and detailed study of the
associated differential equation had to be undertaken. The presence of
exceptional cases made the investigation difficult and somewhat tedious
and the staying power of the reader is severely taxed by the length of the
argument. I recently turned up a letter of Hamburger’s in which he
expressed his disappointment “ to be condemned to the writing of ever so
long papers . . . but I can’t help it”’. Such was the type of problem that
challenged his interest.

Belonging to the first period of Hamburger’s work there were also series
of papers on spherical representation of two-parameter surfaces and on
the functional equation of the Riemann {-function.

After 1942 his work was confined to the investigation of linear trans-
formations in Hilbert space. The starting point of his work on closed
Hermitian transformations of deficiency index (m, m) was J. v. Neumann’s
theory of these transformations and their self-adjoint extensions, and the
observation that the two best known examples, the boundary problem
of the self-adjoint ordinary linear differential equation of second order
and the infinite Jacobi matrix of deficiency index (1, 1) associated with
an undetermined moment problem, each lead to a self-adjoint extension
whose spectrum consists of an infinite number of isolated eigenvalues.
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Hamburger obtained necessary and sufficient conditions for this situation
for a type of transformation which he called “ prime ” (later “ primitive *’)
and he went on to construct all such transformations of which a given
self-adjoint transformation, which might have continuous spectrum, was
an extension. (A prime Hermitian transformation H is such that there is
no subspace which reduces H and with regard to which H is self-adjoint.)
A refinement of this work was contained in the Chicago report. Collateral
work in this field obtained general properties characterizing the infinite
Jacobi matrices of deficiency index (1, 1) and the formally self-adjoint
differential operators within the class of closed Hermitian transformations
of deficiency index (m, m).

The last main topic of Hamburger’s recent research concerned the
possibility of extending the theory of the Jordan canonical decomposition
to bounded non-symmetrical linear transformations in Hilbert space.
This work was introduced by the paper on the general linear transformation
in finite-dimensional space [38] for which the canonical representation is
based on the Jordan form for a nilpotent linear transformation, and this
in turn on the decomposition of the space into subspaces spanned by
Jordan chains of finite order. (A Jordan chain of order k£ for a linear
transformation 4 in either infinite dimensional Hilbert space or finite-
dimensional space consists of k elements ¢, such that

A =0, Af, =¢, for 2<v <k

and such that £, does not lie in the range of A, When £ is infinite and the
last condition is removed we have an infinite Jordan chain for 4.)

The next stage in Hamburger’s work was the proof that for a certain
kind of completely continuous transformation ¢ in Hilbert space, with
simple non-zero eigenvalues, the space can be decomposed into subspaces
& and N, each invariant for C, the subspace © being spanned by all eigen-
elements corresponding to non-zero eigenvalues, C'(&) being dense in &,
and C being quasi-nilpotent in N. There followed an attempt to extend
the ideas to more general linear transformations, which took the form of
the definition of N-transformations generalizing the quasi-nilpotent
transformations ([43] and [45]). The theory is not in a final form. To
quote Hamburger, “ These notes . . . by establishing a large set of definitions
and dealing with some significant special cases . . . give a large frame which
has still to be filled by the picture of a complete theory. When this is
done, I expect that some of the definitions which are still of a rather com-
plicated nature may be simplified. I hope further that there will arise . . .
a set of clear-cut problems which may stimulate research on this difficult
subject, neglected so far by mathematicians. In the later notes we shall
be involved in questions dealing with the residual spectrum, another subject
on which very little mathematical research has hitherto been done.”
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Certain highly specialized types of what Hamburger called perfect
N-transformations were shown by him to provide a natural generalization
of the finite dimensional situation in that, for them, the space can be
spanned by an infinite set of finite Jordan chains. He investigated more
general transformations with closed ranges and gave various conditions
under which the space can be spanned by their Jordan chains. He also
tackled the problem from the other end by an investigation of a trans-
formation defined by an infinite Jordan chain which is a stationary
sequence. In the course of the work results were obtained concerning
those eigenvalues of the bounded linear transformation whose complex
conjugates belong to the residual spectrum of the adjoint. A number of
unsolved problems were formulated and it is to be hoped that others will be
able to take them up where Hamburger has left them. The work on the
residual spectrum was of particular interest to him and he believed that
important results were within reach.

Hamburger had very definite views on the best ways of presenting
new material to a reader and on the value of an appeal to the imagination
through geometrical ideas. These views are well illustrated in the
presentation adopted in our book {47] where there is a deliberate attempt
to prepare for later abstractions through an easy familiarity with all aspects
of a concrete case, even at the price of repetition. The same method was
followed in his lecture courses on Hilbert space. The spaces £, and §,
were thoroughly handled before the abstract space § was introduced.
This point of view which seemed natural to his generation has been
challenged by later generations. It was, at any rate, much appreciated
as an introductory method by one who had the pleasure and privilege of
working with him.

I am greatly indebted to Frau Vera Hamburger, Mr. Otto Hamburger
and Prof. Dr. Dorge for their kind help in the preparation of this notice.
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Hung Ching Chow was born on 11 January, 1902, at Tung Shan in the
Kiangsu province of China. He graduated from the South Eastern
University (later the National Central University), Nanking, in 1926.
After holding teaching posts at Nanking Middle School, Amoy University
and the National Ching Hwa University, he spent three years, 1934-7,
in London, at University College. He obtained the M.Sc. degree, with
a mark of distinction, and began working for a Ph.D., but when the
Japanese invaded China in 1937 he returned home to look after his family.
Joining the National Central University, which was evacuated to
Chungking, he taught from 1938 to 1944, first in the Mathematics Depart-
ment of the School of Science, then as Head of the Mathematics Depart-
ment in the Teachers’ School of the Central University, and from 1942
was Dean of student affairs. In December 1944 he was granted a year’s
leave to do research at the Tata Institute, Bombay, but after five months
he was invited to join the Ministry of Education in Chiang Kai-shek’s
Government, as Head of the Department for Higher Education. After

LONIPUOD PUe SWIS | 84} 385 *[5202/0T/82] Uo ARiqiTaunuo A|IM ‘AIsBAIUN SMBIPUY 1S JO AISIBAIUN AQ /€€ €E-TSAWII/ZTTT 0T/I0p/W0d A8 | 1M Afeiq 1 Bui U0 00SUeLUpUO |//Sdy WOl papeojumod ‘¢ ‘8S6T ‘052269 T

[ AeiqipulL

5UB017 SUOWILLOD) BAIEaID) 3|gea ! [dde auy Aq pausenoh afe sap e WO ‘88N JO sajni Joy Aiq 1 aunuQ £a|1Im uo



