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ROLF NEVANLINNA

1. Background

Rolf Nevanlinna was born on the 22nd October 1895; he died on 28th May 1980.
He came from a Swedish-speaking Finnish family containing soldiers, scientists and
engineers. The family name of Neovius was changed to Nevanlinna by his father in
1906.

Rolf’s paternal grandfather, Edward Engelbrekt, studied at the cadet school in
Hamina (Finland) and the engineering academy in St Petersburg. He taught
mathematics and topography at the cadet school and rose to the rank of major-
general. Edward’s brother, Frithiof, also studied at St Petersburg and taught
mathematics and topography in various military schools in Russia. He returned at
the age of 40 to head the cadet school at Hamina and had the reputation of being
something of a martinet. On one occasion Mannerheim (later Field Marshal Baron
von Mannerheim) went A.W.O.L. (leaving a mattress as his substitute). He had to
leave the academy and continued his career in St Petersburg.

Rolf’s maternal grandfather, Herman Romberg, was an astronomer, who
catalogued stars in the observatory in Pulkova.

Rolf’s father, Otto Wilhelm, was born in 1867. He went to the cadet school and
then studied mathematics, physics and astronomy at Helsinki University. His Ph.D.
thesis on spectral lines in oxygen and nitrogen, and some of his research, suggested
the existence of the rare gases for which Ramsay was awarded the Nobel Prize in
1904. While studying with Herman Romberg at Pulkova, Otto Wilhelm met
Margarete Romberg; they married in 1892 and settled in Joensuu, where Otto was a
teacher. The children of the marriage were Frithiof (1894), Rolf (1895), Anna (1896)
and Erik (1901).

2. Education

When Rolf went to school in 1902 he moved straight into the second class, since
he could already read and write. He seems to have been rather bored and played
with trains under the desk, consequently getting the low mark of 6 out of 10 for ‘care
and attention’. So he refused to go on and left school for one-and-a-half years until
the family moved to Helsinki. Here things were better. He liked his cousin, Vdino,
who was five years older, and together the boys were rather mischievous. On one
occasion they dropped paper bags filled with water from the balcony of the flat. They
also built paper warships and bombed them, inspired by the Russo—Japanese war.

At the school there were some outstanding and sometimes eccentric teachers,
such as the historian, Melander, who wrote about hunting by the ancient Finns, and
the Finnish teacher, Koskimies, who wrote poetry. Rolf also learned German and
French and laid the basis for his superb gift for languages, although his fluency
developed only on his trips abroad later. Perhaps the best teacher was his own
father, who taught him mathematics and physics in the final years at the school.

Margarete was an excellent pianist and Frithiof and Rolf would lie under the
piano and listen to her playing. At 13 they went to orchestra school and became
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420 ROLF NEVANLINNA

accomplished musicians—Frithiof on the ’cello and Rolf on the violin. Through free
tickets from the orchestra school they got to know and love the music of the great
composers, Bach, Beethoven, Brahms, Schubert, Schumann, Chopin and Liszt, as
well as the early symphonies of Sibelius (1865-1957), conducted by the composer.
Rolf first met Sibelius’ music in 1907, when he heard his Third Symphony. Although
later he met Hilbert, Einstein, Th. Mann and other famous people, Rolf said that
none had had such a strong effect on him as Sibelius. The boys played trios with
their mother and their love of music—in particular of chamber music—Ilasted all
their lives.

Rolf had a wonderful feeling for music: he belonged to a quartet in Helsinki and
became chairman of the Sibelius Academy. The distinguished musicologist, Erik
Tawaststjerna, told me how Rolf could remember whole scores by heart, discuss the
music in detail—*... the drums come in here” he would say. Tawaststjerna was very
glad to discuss his authoritative work on Sibelius with Rolf and paid tribute to the
fine understanding he displayed. Kristiina, Rolf’s daughter from his second marriage,
is a pianist and music teacher; so the tradition continues in the next generation.

Rolf’s sister, Anna, became a drawing teacher, and one of her sons, Heikki
Haahti, became Professor of Mathematics at Oulu. The youngest son, Erik, was
engaged on decoding in the Second World War. Veikko Nevanlinna, Frithiof’s son,
and Olavi Nevanlinna, Frithiof’s grandson, also became professors of mathematics
at Jyviskyld and Helsinki University of Technology, respectively.

Rolf did well at secondary school and matriculated near the top of his class. His
chief interests were classics and mathematics, in that order. Between school and
university he read Lindelof’s Introduction to higher analysis and did all the
problems. In 1913 he went to Helsinki University, where Lindelof (who was a cousin
of Rolf’s father) was the outstanding scientist. His lectures (in Swedish) went to the
heart of things and his audience listened with rapt attention. Lindelof was a very
warm person with an attractive impulsiveness and he helped Rolf with advice and
criticism. His highest praise for a piece of work was “this defends its place”.
Lindeberg and Johansson were other professors and F. Iversen was an assistant.

In 1915 Rolf felt he ought to go to Germany to get military training in a battalion
established there for Finnish freedom fighters. His parents would have accepted this
with great reluctance, feeling that his talents lay in other directions, and he was
finally dissuaded. (If he had gone, the Russians might well have taken reprisals
against his parents.) In 1918 Mannerheim defeated the Red troops and Finland
became independent. In this civil war, Rolf was saved from conscription by his
weight, which at 50 kilos was too low. He played a small part as a clerk and refused
to take part in the execution of the Red guards, some of whom he rescued.

In 1918/19 he wrote his thesis. He put a great deal of effort into presenting his
work in an optimal way, and then and afterwards he wrote and re-wrote his
manuscripts. Many years later Carathéodory expressed his own feeling when he said,
“Leading ideas came in minutes, but the development and foundation took decades”.

3. Family

In 1911 Rolf and Frithiof travelled to Joensuu to recall their childhood and
stayed for a few days with their aunt, Elise, in Wiborg. Her daughter Mary made a
very deep impression on Rolf. They became engaged six years later and were married
on 4 June 1919, the day Rolf got his doctorate. They spent the summer of that year in
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ROLF NEVANLINNA 421

Maarianhamina, on Aaland, an island in the Baltic. Rolf and Mary had four children:
Kai, who was born in 1920, became a doctor and died in 1950 from the after effects of
wounds sustained in the Second World War; Harri, born in 1922, who also studied
medicine and became head of the blood transfusion service of the Finnish Red Cross,
which until recently supplied all the world’s Interferon; Aarne, born in 1925, who
became an architect; Sylvi, 1930-1981, who married Robert Austerlitz, Professor of
Fenno-ugrian languages at Columbia University. Sylvi was also a linguist. She died
recently of cancer, just as her father had done.

Rolf and Mary used to speak Swedish to each other and with the older boys, Kai
and Harri. With the younger children, Aarne and Sylvi, and the grandchildren, they
spoke Finnish. When his children asked him what he was doing all by himself for so
long, Rolf used to say, “I am counting”. Once Kai was quiet for a bit and then said
“You must have got a very long way by now”.

Rolf was always an enthusiastic teacher. When Harri was studying genetics, Rolf
taught him mathematics. They went through Lindelof’s Introduction to analysis
together. When he heard that his barber’s son needed coaching in mathematics, he
offered to teach him too.

Rolf was very proud of Harri’s success and used to like to tell how he was once
asked by a medical man whether he was related to the famous Dr Nevanlinna.

Rolf and Mary got a summer house in Lohja in 1937 and Rolf worked in a study
next to the sauna. There were many mathematicians, such as Ahlfors, Cramer,
Fueter, the Polyas, Speiser and Strebel, who visited him there. Strebel said once, “I
am never going to go away again”. The last part of the journey to Lohja had to be
made by horse and cart. Once when Fueter made the journey it rained and Rolf
walked by his side all the way, holding an umbrella.

In 1945, while Rolf was helping to organise a chamber music society, he met
Sinikka Kallio-Visapdd, an authoress and distinguished translator, particularly of
Thomas Mann. Rolf’s first marriage was dissolved and he and Sinikka were married
in 1958 by the Finnish Ambassador in Paris. A second daughter, Kristiina, was born
to Sinikka in 1946 to join Rolf’s four children by his first marriage.

4. Career

When Rolf graduated in 1919 there were no jobs open in universities; so he
became a school teacher, while Frithiof had joined the insurance company, Salama,
as a mathematician. Rolf joined Frithiof there while continuing to teach 18 lessons a
week at the school. In 1920 Landau invited Rolf to join him in Gottingen and he
went there in 1924.

During these years Rolf started to develop the theory which bears his name. For
the potential theoretic approach in particular he collaborated with Frithiof. Rolf
became a Docent at the University of Helsinki in 1922 and Professor in 1926, and it
was only then that he stopped teaching in school. Evenings and Sundays were
excellent times for research, and Nevanlinna theory was greatly influenced by Rolf’s
discussions with Frithiof, which continued all their lives. They would walk up and
down each side of a big square, talking mathematics.

In 1922 Rolf attended the 5th Scandinavian Mathematical Congress at Helsinki
and there he met Mittag-Leffler, who had for a short time been Professor at
Helsinki, as well as the brothers Bohr, T. Carleman and H. Cramer. He strongly
supported international congresses because of the opportunities they give to younger
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422 ROLF NEVANLINNA

mathematicians to appreciate the total mathematical situation. Rolf would point out
how many fruitful personal contacts are made on these occasions and how
international understanding is promoted and hostilities diminish when people meet
face to face in this way.

Rolf always enjoyed lecturing and teaching on a personal basis. He prepared his

lectures in outline and felt that there should be some room for improvisation around
a fixed theme. Sometimes at the blackboard a connection with other areas would
occur to him. Later on he would write up his lectures and sometimes turn them into
books. ;
In 1924 Rolf visited Gottingen. Here he met Hilbert, Landau, Courant and
Noether. After a lecture by Rolf there Hilbert said, “You have opened a hole in the
wall of mathematics; soon other researchers will come and close it”. However the
wind of change continues to blow through that hole. Later Rolf met Alexandroff and
Urysohn and also Carathéodory in Munich.

Landau at that time divided his days into 6 hours work alternating with 6 hours
rest. When work started again at midnight, Landau used to call his assistant to help
him work. When Rolf later told this story in Ziirich he was immediately nicknamed
Landau.

Rolf’s French contacts started in 1926 when Lindelof arranged for him to go to
Paris, where he met Hadamard and Montel. He also visited Bloch in the mental
hospital but this visit ended when guards took Bloch away. His first visit to Ziirich
took place in 1928, where he was accompanied by Lars Ahlfors, to whom Rolf
suggested the Denjoy conjecture. Ahlfors’ proof of this led to one of the first two
Fields medals in 1936. Rolf refused the offer to succeed Weyl at Ziirich. In 1936-37
Rolf was again in Goéttingen as visiting Professor. Here he had an assistant for the
first time, namely H. Wittich. He also met Herglotz, whom he described as a “most
interesting person”.

During the Second World War Rolf developed a method for reviewing ballistic
tables. Kai went to the front and Harri volunteered for the army and went to the
N.C.O. school.

In 1941 Rolf became Rector of Helsinki University and discussed with
Mannerheim how soldiers could continue to study during quiet times at the front,
and what could be done after the war. In 1944 a bomb hit the building he was
working in, and he also found an unexploded bomb. Suddenly he was a hero.

Returning from Stockholm once with Vice-Rector Erik Lonnroth they were
attacked by two men who tried to steal their luggage, which was being pushed by a
sergeant. Together they fought off the robbers.

In 1945 Rolf was asked to resign his post as Rector, no doubt because of his pro-
German sympathies, but the staff loved him and one of the porters thanked him “for
not being a bureaucrat”.

In October 1946 Rolf went again to Ziirich. There he met many mathematicians
and also the physicist, Pauli, of whom he said afterwards “Pauli was one of the very
few men in whose company I immediately felt the presence of genius”.

In 1948 he became one of the 12 members of the newly established Finnish
Academy, encouraged by the president, A. 1. Virtanen, the 1945 Nobel Laureate in
Chemistry, for at first he had refused. (At that time academicians received a salary,
but that is no longer the case.) Rolf continued to be Guest Professor at Ziirich for the
next 15 years. Among his former students are O.Lehto, L.Sario, H.Keller,
A. Steiner, K. Strebel and G. Elfving.
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ROLF NEVANLINNA 423

After the war Rolf’s interest began to turn to Calculus of Variations and
applications to physics. He was also concerned in getting the first computer to
Finland, and to establish Computer Science as a university subject. I first met him at
the Harvard Congress in 1950 and again in 1953 in Ann Arbor, and we met
frequently after that. He always seemed interested in what was going on and in the
many ramifications of his theory. We would play sonatas together and he and my
wife played the Bach double concerto. Once at Ann Arbor Rolf met some Finns, one
of whom asked him what he was doing. “I am at the University of Michigan”, said
Rolf. “How old are you?” Fifty-seven!” “Won’t you get your degree soon?”. This
illustrates Rolf’s modesty very well. In 1953 I wrote a paper in which I rediscovered
some of Rolf’s results. He was the referee, but never said a word about it. Rolf’s
priority was pointed out to me many years later by A. A. Gol'dberg.

From 1959 to 1962 Rolf was President of the LM.U. At that time the Secretary of
the Union was Rolf’s close friend, K. Chandrasekharan, who in 1971 became
President himself.

Nevanlinna was fairly conservative in his views. He did not think that sets formed
the best introduction to mathematics at school. He did not like to see children spoilt,
feeling that they would find life hard later. “Immature and unrealistic radicalism will
change in the hard school of life and reality” he used to say. But he took an
optimistic view in general of the future of Finland and the world.

Rolf never needed much sleep. In the late 1930’s he used to rise at 4, join his
family at 10 till lunch time, then work again till 7, and spend the evening with his
family. In later life I remember him bright and full of zest at 11 or 12 p.m. when all I
wanted to do was go to sleep. The Helsinki congress took an enormous amount out
of Olli Lehto, who organised it with his usual care. Afterwards Rolf said “I must go
to the Joensuu conference because Olli is so tired”.

Finally when he was dying he asked his doctor, “Can I still work?” When he
heard that he could not he refused to eat any more and took only fluids. He was calm
and peaceful at the end. Afterwards his doctor said “I have had hundreds of patients,
but he is the first who has taught me something”.

Rolf is not forgotten by his descendants. One boy told his mathematics teacher
“My great grandfather is Rolf Nevanlinna”. When the teacher said, “And who is he?”
the boy replied, “if you don’t know that, you don’t know much mathematics”.
Christian Burr, another small mathematician, settled a long arithmetical problem in
his head and was disappointed at.getting less than full marks. His teacher said, “You
should not have done it in your head”. “What do I use my head for then”, said
Christian.

5. Honours

Considering the tremendous importance of Nevanlinna theory, recognition came
relatively slowly to Rolf, but his last 30 years were very full of honours. He had
honorary doctorates from Heidelberg (1936), Bucharest (1942), Giessen (1952),
Berlin (1955), Jyviskyld (1969), Glasgow (1969), Uppsala (1974) and Istanbul (1976).

He received the International Wihuri Prize for Scientists and Artists in 1958 and
the Henrik Steffens Prize for Nordic culture in 1967.

He was elected to Honorary Membership of the London Mathematical Society in
1959. He was also an honorary member of the following institutions: Finnish
Academy of Science and Letters (1975); Deutsche Akademie (1938); Finnish
Mathematical Society (1955); Swiss Mathematical Society (1962); Society of
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424 ROLF NEVANLINNA

Actuaries of Finland (1965); Teachers of Mathematics and Physics (1965); Gottingen
Academy (1967); Royal Swedish Academy (1967) (Foreign Member); Danish
Academy (1967) (Foreign Member); Leopoldina (1967), Hungarian Academy (1970);
Correspondent of the Institut de France (1967). He was an Honorary Fellow of
Gottingen University (1937) and Honorary Professor of Ziirich University (1948).
He was an Honorary member of the Sibelius Academy (1978) and Honorary
President of the Finnish Cultural Foundation.

He had the Grand Cross of the Order of the White Rose of Finland and he was
Commander, First Class, of the Order of the Lion of Finland. He had the Cross of
Liberty, Second Class without Swords, for merit during the war 1939-40.

6. Mathematical work

Nevanlinna’s thesis [1919] and its sequel [1922b] are concerned with regular
functions f(z) satisfying |f(z)] < 1 in |z] < 1, which assume, at pre-assigned points
z, to z,, pre-assigned values w, to w,. The problem is to find whether such functions
exist and if so what is the range of variation of f(z,,,), where z,,, is a further point.
The problem is solved completely by means of successive algorithms, and a number
of previously known special cases arise as consequences. The theory was developed
independently by Pick [1915] a little less completely.

In [1921] the author obtains the sharp coefficient estimates for starlike univalent
functions. However Rolf Nevanlinna’s immense international reputation is based on
the value distribution theory, which bears his name. A most interesting account of
the birth of this theory and its background has been given by Lehto [1982] and I am
greatly indebted to that account for what follows.

Picard [1880] had proved his celebrated theorem that an entire function assumes
every value with at most one exception. The question naturally arose whether
anything further could be said about the roots of the equation f(z) = a for different
values of a. Let n(r, a) be the number of these roots in |z| < r. The exponent of
convergence, or order, p(a) of the roots is defined by

M) pla) = Tim 2824

reo logr

Hadamard [1893] showed that if

M(r) = M(r, f) = max |f(z)]

lzl =r
and the order of f is defined as

. loglog M(r)
2 =1 .
@) p = limsup =3 "=

then p(a) < p for every a. Borel [1897] notably extended Picard’s theorem by
proving that p(a) = p for all a with at most one exception and that such an
exceptional a can occur only if p is a positive integer or + co. For infinite order the
corresponding result indicated by Borel was proved by Blumenthal {1910].

The theory obtained so far was based on the product decomposition of entire
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ROLF NEVANLINNA 425

functions of finite order due to Hadamard [1893]. It had a number of disadvantages.
The theory lacked precision and did not work well for functions of infinite order or
meromorphic functions. For the latter the maximum modulus M(r, f) could not be
used satisfactorily as an indicator of growth since M(r, f) is infinite whenever f(z)
has a pole on |z| = r.

The situation was revolutionised by Nevanlinna in the 1920’s. He used a result of
Jensen [1899], namely

10

2n
(1) log |f(0)| = J -y loglg—l,
P i

where a, are the zeros and b, the poles of the meromorphic function f(z) in |z| < r
Following Valiron [1913] he wrote

2) ) 1og|;r- - jlog( )dn(t 0) = Jw = N(r, 0);
0 0
3) Jlog( )dn(t ) = jn(t, oo)% = N(r, ).
V] 0

He then wrote log* x = max (log x, 0), so that

1
logx = log* x—log* O =0,
and

Cy J log|f(re®)|df = o~ Jr log* | f(re"’)|d6— L J log*
0

19)

This was the apparently simple but vital new step. Writing

2n

m(r, ) = % J log* | f(re®)d6

0

and, for any finite complex a, ,

1 +
4) m(r, a) = 7 J log do,
0

1
f(ré®)—a

we obtain Jensen’s formula in the form [1924¢]
m(r, o0)+ N(r, o0) = m(r, 0)+ N(r, 0)+log|f(0)|

Ahlfors {1976] rightly wrote that this was the moment when Nevanlinna theory was
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426 ROLF NEVANLINNA

born. On applying this result to f(z)—a instead of f(z), we see that N(r, ) is
unaltered and m(r, 00) is changed by at most log*|a|+log2. Thus we obtain The
First Fundamental Theorem

m(r, )+ N(r, ©) = m(r,a)+ N(r, a)+log|f(0)—a| +&(a),

where |e(a)| < log* |a]+1log2.
Nevanlinna wrote for f(0) # oo

(5) T(r, f) = m(r, 0)+ N(r, ©)

and called T(r, f) the characteristic function of f(z). Then the First Fundamental
Theorem shows [1925g] that for every a in the closed plane other than a = f(0)

(6) m(r,a)+ N(r,a) = T(r, f)+0(1),

as r varies. For f(0) = a or oo a slight modification is required which we ignore here.

The function T(r) gives an excellent description of the growth of any
meromorphic function f(z) either in a finite disk or in the whole plane. It is a convex
increasing function of logr. If f is entire it has roughly the same growth rate as
log M(r) so that the order p can be defined, by replacing log M(r) by T(r) in (2), but
the new definition applies to any meromorphic function in the plane. Now (6) shows
that f has in a certain sense the same affinity for every complex value a as measured
by the sum of the terms m and N. The latter measures the number of roots of the
equation f(z) = ain |z| < r, while the former measures the average closeness of f(z)
to a on |z] = r. We deduce at once Hadamard’s inequality, namely p(a) < p for
every a.

However, Nevanlinna’s aim was to obtain a sharper version of Borel’s inequality.
He did this by showing that in general it is the term N(r, a) which dominates in (6).
More precisely he showed [1925g] that if ¢ > 3 then

(7 (q=2)T(r, f) < i N(r,a,)—=N;(r)+S(r).

v=1

This is the Second Fundamental Theorem. Here N, (r) measures the zeros of f’ and
the multiple poles of f, that is, the totality of the multiple roots of all equations
f = a, aroot of multiplicity p being counted p—1 times. Also S(r) is a term which is
in general much smaller than T(r). For instance, for a meromorphic function in the
plane,

S(r) = O(log {rT(r)}) .

In the case of infinite order, certain intervals of finite total length must be excluded
here.

It should be said that Nevanlinna only proved (7) in the case ¢ = 3. This was
enough to obtain a very much stronger form of Borel’s result. If f is meromorphic
and transcendental in the plane then

3

- N(r, a) 1
1 >
1m T(r)
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ROLF NEVANLINNA 427

except for at most 2 values of a. Also p(a) = p except for at most 2 values of a.

The extension of (7) to general g was obtained almost simultaneously by
Littlewood in a letter to Nevanlinna and by Collingwood [1924]. Nevanlinna
immediately saw the importance of this extension and used it in an appendix to
[1925¢] to obtain the deficiency relation

Y 8(a)y < 2
where )
_ o mra) o —N(r,a)
o(a) = ran:o () = 1—Ilim o)

The result implies that 6(a) = 0 except for a countable set of values of a. A stronger
version results if we count multiple roots only once and write N(r,a) for the
corresponding counting function. Then if

_ _.——N(r,a)
f(a) = 1—lim __T(r)

we obtain [1926], by using the term N, (r) in (7),
8) Y 6(a) < 2.
Nevanlinna also defined [1929 a] the ramification index (Verzweigungsindex)

N(r$ a)_N(r,a)

pla) = lim )
Thus 6(a) = u(a)+d6(a) and we obtain
) Y d(a)+) p(a) < 2.

The complete sharpness of (9) has only recently been shown by Drasin [1977] who
has, for pre-assigned d(a) and u(a) subject to (9) and 0 < d(a)+u(a) < 1,
constructed a meromorphic function having precisely those values é(a) and u(a) for
every a.

It would take us too far to give the many other beautiful applications made by
Nevanlinna himself and others of the Second Fundamental Theorem (7) and its
consequence (8). Here is one [1926]. Suppose that f;, f, are transcendental
meromorphic functions that assume 5 values a, at exactly the same points possibly
with different multiplicities. Then f, = f,. If the multiplicities are the same we
obtain the same conclusion for 4 values a,, except when a,,a,,a,,a, form a
harmonic range and both functions do not take two of the values a, and a,. In this
case f, = S(f;) where S is the bilinear transformation which permutes a, and a, and
has a,, a, as fixed points. The corresponding result for entire functions of finite order
and 3 values a, had previously been obtained by Polya [1921].

The theory, almost complete now, was put together by Nevanlinna in his famous
monograph [1929a]. Much of it had been published in [1925g]—according to
Lehto [1982] Nevanlinna’s most important work—the appearance of which Weyl
[1943] described as “one of the few great mathematical events of our century”.

The proofs so far had been entirely analytic in character and were based on a
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generalisation of Jensen’s theorem which the inventor Nevanlinna called the
Poisson—Jensen theorem. This has played a fundamental role in function theory ever
since, to the extent that Boas once said to me (perhaps with slight exaggeration)
“anything about meromorphic functions which cannot be deduced from the
Poisson—Jensen theorem is not true”. The Poisson—Jensen formula is obtained from
Jensen’s formula (1) by making a bilinear transformation of |z| < r onto itself which
sends the origin to a specified point { and thus yields a representation of log|f({)| in
terms of the boundary values log|f(re'®)| and the zeros a, and poles b, of f in |z| < r.
The analytic technique made it very easy to compare the characteristics and value
distribution properties of sums, products, derivatives and other combinations of
functions. However in the early 1930’s two techniques came along which shed a
powerful new light on the theory, namely the geometric approach of Ahlfors [1929]
and to some extent Shimizu [1929] and the potential theoretic approach of
Frostman [1935]. The first led to an exact form of the First Main Theorem 1, namely
(Ahlfors [1929], Shimizu [1929]):

my(r, a)+ N(r, a) = T,(r)+mqy(0, a) .

Here Ty(r) is the logarithmic integral of the area A(r), counting multiplicity, of the
image of |z] < r by f(z) when this image is regarded as lying on the Riemann sphere.
Also

2n

my(r,a) = L do,

1
on J log k{f(re"®), a}
0
where

Wy —wy|

V@ w ) +w,f?)

k(wy, wy) =

is the chordal distance of two points in the metric of the Riemann sphere. Using these
ideas Ahlfors [1935] also obtained a second main theorem comparing A(r) with the
number of islands over mutually disjoint domains D,, that is, regions in |z| = r,
which are mapped p to 1 onto D,, where p is the multiplicity of the islands.

Further the concept of capacity due to Frostman [1935] enabled Nevanlinna to
show in [19364] that given « > i we have, for any function of unbounded
characteristic in |z| < R,

(10) m(r,a) = O{T(r)’} asr—R

for all a outside a set E of capacity zero. On the other hand if E is any compact set of
capacity zero, there exists f(z) of unbounded characteristic in |z| < 1 and assuming
none of the values on E. Thus for every ae E

N(r,a) =0, m(r,a) = T(r)+0(1) asr—1.

Related results making stronger assertions, with larger exceptional sets, had been
obtained earlier by Littlewood [1930] and Ahlfors [1931]. Nevanlinna had already
shown in [1925g] that f(z) has bounded characteristic in the plane only if it is
constant, and in a finite disk |z| < Ronly if f = f,/f, there, where the f; are regular
and satisfy |f] <1 in |zl < 1. Thus (10) can be regarded as a far-reaching
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generalisation of Weierstrass’s theorem concerning the behaviour of functions near
an isolated essential singularity. Nevanlinna [1936 ¢] also discussed the size in terms
of Hausdorff measure of sets of capacity zero and gave a complete characterisation
for generalised Cantor sets.

Other achievements during this period included the invention of harmonic
measure [1935a] and the associated principle, a strong generalisation of
Hadamard’s 3-circles Theorem. Nevanlinna had used a related idea to find in
[1933 ¢] the exact form of an inequality of Milloux [1924], a result independently
obtained by Beurling [1933] and a little earlier in a weaker form by Schmidt [1932].
The Milloux-Schmidt inequality, as it is now somewhat unjustly called, has proved
to be a fundamental tool in the study of entire functions. These and a number of
other matters were put together in [1936a], a book which has inspired function
theorists ever since it was written and which, like most of the later books, has been
translated into Russian and English as well as having several German editions.

Compared with the achievements described above Nevanlinna’s other work
comes almost as an anticlimax. He continued to write a large number of papers and
books throughout his life on many different topics ranging from ballistics [1943 a] to
education [1966d,¢]. His book [1953d] on Riemann surfaces is one of the best
accounts of the subject and O. Pretzel has told me how interesting he found the book
[1959 f] written with Frithiof on coordinate free analysis. He wrote an excellent
elementary textbook with Paatero [1965c]. However his survey lecture [1966b] on
complex analysis mentions nothing that happened after 1936. Perhaps after that time
Rolf did not follow actively the further refinements and applications of his theory
being created by a growing circle of younger admirers all over the world. An account
of some of the achievements of this theory up to 1975 will be found in Ahlfors [1976].

During the last year or two a breakthrough has been created by S. Rickman with
his proof of Picard’s theorem for quasiregular mapping from R" to R", the nearest
analogue of the concept of a regular function when n > 2. Nevanlinna’s ideas play a
key role in Rickman’s theory; there is, for instance, a deficiency relation. No doubt
the theory will continue to flourish for many years to come.
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later account by Lehto and Louhivaara [1976]. The list of publications at the end of
this memoir follows the list prepared by Louhivaara [1976 and an unpublished
appendix to it]. Finally I have profited by the splendid account of Rolf’s work given
by Ahlfors [1976].
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‘Ernst Leonard Lindelsf (Minnestal 19.3.1947), Societas scientiarum Fennica. Arsbok—Vuosikirja
25. C. 4 (1946-1947). Helsingfors, 11 pp.

‘Tieteellinen tutkimustyd’, Kulttuurin saavutuksia suomalaisten tiedemiesten ja taiteilijain
esittamana 2 (Werner Soderstrom osakeyhtid, Porvoo), pp. 3-9.

‘Ober das Anwachsen des Dirichletintegrals einer analytischen Funktion auf einer offenen
Riemannschen Flidche’, Ann. Acad. Sci. Fenn. Ser. A. 1. Math.-Phys. 45, 9 pp.

‘Neliulotteisesta avaruudesta’, Arkhimedes 1949: 1, pp.3-15.

‘Sur l'existence de certaines classes de différentielles analytiques’, C. R. Acad. Sci. Paris 228,
pp- 2002-2004.

‘Tieteellinen ajattelu ja arkiajattelu’, Valvoja 69 (Helsinki), pp.257-265.

‘Uber die Neumannsche Methode zur Konstruktion von Abelschen Integralen’, Comment. Math.
Helv. 22, 302-316.
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‘Ueber die Randelemente einer Riemannschen Fliche’, Ann. Mat. Pura. Appl. (4), 29, 71-73.
‘Uber Mittelwerte von Potentialfunktionen’, Ann. Acad. Sci. Fenn. Ser. A. 1. Math.-Phys. 57,12 pp.
‘Ernst Lindelof 1870-1946'. [Finnish], Arkhimedes 1950: 2. 1-6.

‘Leitende Gesichtspunkte in der Entwicklung der Mathematik’, Vierteljschr. Naturforsch. Ges.
Ziirich 95, pp. 1-22.

‘Matematiikan kehityksen johtavia periaatteita’, Arkhimedes 1950: 1, 13-27.

‘Tieteellinen ajattelu ja arkiajattelu’, Kertomus Suomen Akatemian toiminnasta vuonna 1949
(Helsinki), pp. 23-31.

‘Ober die Anwendung einer Klasse von Integralgleichungen fiir Existenzbeweise in der
Potentialtheorie’, Acta Sci. Math. (Szeged) 12, pp. 146-160.

‘Ober die ‘Existenz von beschrinkten Potentialfunktionen auf Flichen von unendlichem
Geschlecht’, Math. Z. 52, 599-604.

‘Beitrag zur Theorie der Abelschen Integrale’, Ann. Acad. Sci. Fenn. Ser. A. 1. Math.-Phys. 100,
11 pp.

‘Bemerkungen zur Losbarkeit der ersten Randwertaufgabe der Potentialtheorie auf allgemeinen
Flachen’, Math. Z. 53, 106-109.

‘Beschrinktartige Potentiale’, Math. Nachr. 4, pp.489-501.

‘Framstéllningens problem i matematiken’, Matemaattisten aineiden aikakauskirja 15 (Helsinki),
pp. 73-83. = Matematisk tidsskrift A. 1951 (Kebenhavn), pp. 79-89.

‘Tieteellisten maailmanselitysten luonteesta’, Valvoja 71 (Helsinki), pp. 197-206.

‘Ober den Gauss—Bonnetschen Satz’, Festschrift zur Feier des zweihundertjahrigen Bestehens der
Akademie der Wissenschaften in Gottingen. 1. Mathematisch-physikalische K lasse. (Springer-
Verlag, Berlin-Gottingen-Heidelberg), pp. 175-178.

Viivallinen Algebra, Tiedekirjasto 21 (Kustannusosakeyhtié Otava, Helsinki), 218 pp.

‘Beweis des Satzes iiber die Vertauschbarkeit der Differentiationen’, Math. Z. 56, 120-121.

‘Erweiterung der Theorie des Hilbertschen Raumes’, Medd. Lunds Univ. Mat. Sem. (Tome
supplémentaire dédi¢ a Marcel Riesz), pp. 160-168.

‘Surfaces de Riemann ouvertes’, Proceedings of the International congress of mathematicians,
Cambridge, Massachusetts, U.S.A., 1950 (American Mathematical Society, Providence,
Rhode Island), pp. 247-252.

“Uber die Polygondarstellung einer Riemannschen Fliche’, Ann. Acad. Sci. Fenn. Ser. A. 1. Math.-
Phys. 122, 9 pp.

‘Uber metrische lineare Rdume. 1. Allgemeine Bemerkungen zur Metrisierbarkeit’, Ann. Acad. Sci.
Fenn. Ser. A. 1. Math.-Phys. 108, 8 pp.

‘Uber metrische lincare Raume. I1. Bilinearformen und Stetigkeit’, Ann. Acad. Sci. Fenn. Ser. A. I.
Math.-Phys. 113, 9 pp.

‘Uber metrische lineare Raume. 111. Theorie der Orthogonalsysteme’, Ann. Acad. Sci. Fenn. Ser. A.
1. Math.-Phys. 115, 27 pp.

‘Bemerkung zur Funktionalanalysis’, Math. Scand. 1, 104-112.

‘Den fyrdimensionella rymden’, Nordisk Mat. Tidskr. 1, 98-114.

Eindeutige analytische Funktionen. [Zweite verbesserte Auflage.] Die Grundlehren der math.
Wiss. 46 (Springer-Verlag, Berlin-Gottingen-Heidelberg), 10+ 379 pp.

Uniformisierung, Die Grundlehren der math. Wiss. 64 (Springer-Verlag, Berlin-Gottingen-
Heidelberg), 10+ 391 pp.

‘Avaruuden kaisityksistd’, Valvoja 74 (Helsinki), pp. 210-228.

‘Bemerkung zur absoluten Analysis’, Ann. Acad. Sci. Fenn. Ser. A. I. Math.-Phys. 169, 7 pp.

‘Die konformen Selbstabbildungen des euklidischen Raumes’, Istanbul Univ. Fen Fak. Meem.
Ser. A. 19, 133-139.

‘Differentiaaliyhtélon ratkaisun yksikasitteisyydesta’, Arkhimedes 1954: 2, 10-15.

‘Tutkimus ja tutkija’, Valvoja 74 (Helsinki), pp. 5-10.

‘Uber metrische lineare Rdume. 1V. Zur Theorie der Unterrdume’, Ann. Acad. Sci. Fenn. Ser. A. 1.
Math.-Phys. 163, 16 pp.

‘Albert Einstein’ [Finnish], Valvoja 75 (Helsinki), pp. 129-148.

‘Countability of a Riemann surface’, Lectures on functions of a complex variable (The University of

" Michigan Press, Ann Arbor, Michigan), pp. 61-64.

‘Gauss ja epideuklidinen geometria’, Arkhimedes 1955: 2, 1-14.

‘Om rymdbegreppets utveckling’, (Nordisk sommeruniversitet 1954). Orientering og debat 4
(Munksgaard, Kebenhavn), pp. 101-118.

‘Polygonal representation of Riemann surfaces’, Lectures on functions of a complex variable (The
University of Michigan Press, Ann Arbor, Michigan), pp. 65-70.

‘Ober die Umkehrung differenzierbarer Abbildungen’, Ann. Acad. Sci. Fenn. Ser. A. I. Math.-Phys.
185, 12 pp.

‘A remark on differentiable mappings’, Michigan Math. J. 3, 53-57.

‘Erhard Schmidt zu seinem 80. Geburtstag’, Forschungen und Fortschritte 30 (Berlin),
pp.60-62. = Math. Nachr. 15, 3-6.

‘Gauss och den icke-euklidiska geometrin’, Nordisk Mat. Tidskr. 4, 195-209.
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‘Sur la déformation dans la théorie de la représentation conforme’, J. Math. Pures Appl. (9), 35,
109-114.

‘Uber den Satz von Stokes’, Ann. Acad. Sci. Fenn. Ser. A. 1. Math.-Phys. 219, 24 pp.

‘Uber metrische lineare Riume. V. Relationen zwischen verschiedenen Metriken’, Ann. Acad. Sci.
Fenn. Ser. A. 1. Math.-Phys. 222, 6 pp.

(With WERNER GRAEUB) ‘Zur Grundlegung der affinen Differentialgeometrie’, Ann. Acad. Sci.
Fenn. Ser. A. 1. Math.-Phys. 224, 23 pp.

‘Funktionaaliyhtdlosta f(x+y) = f(x)f(y), Arkhimedes 1957: 1, 1-16.

‘Zur Theorie der Normalsysteme von gewohnlichen Differentialgleichungen’, Rev. Math. Pures
Appl. 2, 423-428.

(With F. NEVANLINNA) ‘Uber die Integration eines Tensorfeldes’, Acta Math. 98, 151-170.

‘Application d’un principe de E. Goursat dans la théorie des equations aux dérivées partielles du
premier ordre’, C. R. Acad. Sci. Paris 247, 2087-2090.

‘Cauchyn murtoviivamenettelystd’, Arkhimedes 1958: 2, 1-11.

‘Sur les équations aux dérivées partielles du premier ordre’, C. R. Acad. Sci. Paris 247,1953-1954.

‘Tutkimus ja yhteiskunta’, Suomalainen Suomi. Suomalaisuuden liiton kulttuuripoliittinen
aikakauskirja 26 (Helsinki), pp. 247-251.

‘Uber fastkonforme Abbildungen’ (Proceedings of the International colloquium on the theory of
functions. Helsinki 1957), Ann. Acad. Sci. Fenn. Ser. A. 1. Math. 251/7. 10 pp.

‘Uber Tensorrechnung’, Rend. Circ. Mat. Palermo (2), 7, 285-302.

‘Avaruuden kisityksen muodostumisesta’, Teekkari. Tekniikan ylioppilaiden osakuntalehti 30: 2
(Helsinki), pp.4-8.

‘Onko maamme kilpailukykyinen?, Akateeminen 4: 3 (Helsinki), pp. 10-11.

‘Tutkimus ja opetus korkeakouluissamme’, Valvoja 79 (Helsinki), pp. 53-61.

‘Wissen und Erkenntnis in der exakten Forschung’, Glaube und Unglaube in unserer Zeit (Atlantis-
Verlag, Ziirich), pp.49-60.

‘Yrj6  Kilpinen in memoriam’, ([Finnish], Suomen musiikin vuosikirja 1958-59
(Kustannusosakeyhtié Otava, Helsinki), pp. 10-11.

(With F. NEVANLINNA) Absolute Analysis, Die Grundlehren der math. Wiss. 102 (Springer-
Verlag, Berlin-Gottingen-Heidelberg), 8 +259 pp.

(With Hans WitTicH) ‘Egon Ullrich in memoriam’, Jber. Deutsch. Math.-Verein. 61, pp. 57-61,
61-65.

‘On differentiable mappings’, Analytic functions, Princeton Mathematical Series 24 (Princeton
University Press, Princeton, New Jersey), pp. 3-9.

‘Uber die Methode der sukzessiven Approximationen’, Ann. Acad. Sci. Fenn. Ser. A. 1. Math. 291,
10 pp.

‘Yrj6 Kilpinen in memoriam’ [Finnish], Kertomus Suomen Akatemian toiminnasta vuonna 1959
(Helsinki), pp.7-8.

‘Tamén hetken henkisesté tilanteesta’, Valvoja 81 (Helsinki), pp. 1-9.

‘De elektromagnetiska fenomenens stéllning i den exakta forskningens varldsbild’, Kraft och ljus
35 (Helsingfors), pp.247-250. = Tekniskt forum. Tekniska foreningens i Finland
forhandlingar 83 (Helsingfors), pp. 382-384.

‘Kompleksilukujen jarjestelmistd’, Arkhimedes 1962: 2, 16-21.

‘Matematiikan asema koulussa ja yhteiskunnassa’, Vanhojen norssien hallitus, Helsinki,
pp-40-43.

‘Remarks on complex and hypercomplex systems’, Soc. Sci. Fenn. Comment. Phys.-Math. 26: 3 B,
6 pp.

‘Sahkdmagneettisten ilmididen asema eksaktin tutkimuksen maailmankuvassa’, Voima ja valo 35
(Helsinki), pp.247-250.

‘Eksaktin luonnontutkimuksen yhtendistymisestd’, Kertomus Suomen Akatemian toiminnasta
vuonna 1962 (Helsinki), pp.31-36.

Suhteellisuusteorian periaatteet, Universitas 2 (Werner Soderstrom osakeyhtid, Porvoo),
44256 pp.

(With V. PAATERO) Funktioteoria, (Kustannusosakeyhtié Otava, Helsinki), 380 pp.

‘Enligt vilka riktlinjer bor matematikundervisningen reformeras’, Matemaattisten aineiden
aikakauskirja 28, (Helsinki), pp. 30—S50.

Raum, Zeit und Relativitat, (Vorlesungen, gehalten an den Universititen Helsinki und Ziirich)
Wissenschaft und Kultur 19, (Birkhiduser Verlag, Basel-Stuttgart), 229 pp.

‘Tutkimus ja korkein opetus’, Valvoja 84 (Helsinki), pp. 305-314.

‘Zur Frage der mathematischen Behandlung von Erlebnismannigfaltigkeiten’, Ajatus (Essays
dedicated to Professor Yrjo Reenpédi on the occasion of his seventieth birthday 18 July
1964.) Helsinki, pp. 147-156.

‘Laajeneva todellisuus’, Kollega. Turun ladketieteenkandidaattiseura ry:n julkaisu 4. 4, Turku,

pp- 17-19.
‘Mihin mind uskon’, Suomen Kuvalehti 49: 2 (Helsinki), pp. 24-25, 44.
(With V. PAATERO) Einfiihrung in die Funktionentheorie. Lehrbiicher und Monographien aus dem
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Gebiete der exakten Wissenschaften. Mathematische Reihe 30 (Birkhéuser Verlag, Basel —
Stuttgart), 388 pp.

‘Akateeminen vapaus—Mité se nykyisin voi olla ja mitd sen tulisi olla’, Suomalainen Suomi.
Kulttuuripoliittinen aikakauskirja 34, (Helsinki), pp. 148—-152.

‘Entwicklung der Theorie der eindeutigen analytischen Funktionen einer komplexen
Veranderlichen seit Weierstral’, Festschrift zur Gedichtnisfeier fiir Karl WeierstraB3 1815-
1965. Wissenschaftliche Abhandlungen der Arbeitsgemeinschaft fiir Forchung des Landes
Nordrhein-Westfalen 33, (Westdeutscher Verlag, Koln-Opladen), pp.97-122.

‘Methods in the theory of integral and meromorphic functions’, J. London Math. Soc. 41,
pp. 11-28.

‘Reform des mathematischen Unterrichts in der Schule’, Math.-Phys. Semesterber (Neue Folge),
13, pp.13-31.

‘Reform in teaching mathematics’, Amer. Math. Monthly 73, pp.451-464.

Rum, tid och relativiter, Almqvist & Wiksell, Stockholm/Schildts (Holger Schildts forlag,
Helsingfors), 177 pp.

‘Tieteellisistd malleista eli modelleista’, Kertomus Suomen Akatemian toiminnasta vuonna 1965.
(Helsinki), pp. 10-16.

‘Uber die Konstruktion von meromorphen Funktionen mit gegebenen Wertzuordnungen’,
Festschrift zur Gedachtnisfeier fur Karl WeierstraB 1815-1965. Wissenschaftliche
Abhandlungen der Arbeitsgemeinschaft fiir Forschung des Landes Nordrhein-Westfalen 33,
(Westdeutscher Verlag, K6ln-Opladen), pp. 579-582.

‘Calculus of variation and partial differential equations’, J. Analyse Math. 19, 273-281.

‘Kaksi kulttuuria—yksi kulttuuri’, Itasuomi. Sitoutumaton mielipidelehti 2: 2 (Savonlinna), p. 47.

‘Kulttuuri ja oppikoulu’, Oppikoululehti-Laroverkstidningen 1967: S, (Helsinki), 4 pp.

‘Kokeellisen ja teoreettisen tutkimuksen vuorovaikutuksesta’, Duodecim. Ladketieteellinen
aikakauskirja 84, (Helsinki), pp. 1105-1109.

‘Matematiikka ja nykyaika’, Suomen Akatemia puhuu (Werner Soderstrom osakeyhtid, Porvoo-
Helsinki), pp. 87-112.

‘Variaatiolaskenta ja 1. kertaluvun osittaiset differentiaaliyhtélot’, Arkhimedes 1969: 2, pp. 1-12.

‘Yliopistokysymys’, Suomalainen Suomi— Valvoja 37 (Helsinki), pp. 342-346.

Geometrian perusteet, (Werner Soderstrom osakeyhtid, Porvoo-Helsinki), 12+ 102 pp.

‘Uber die Metrisierung der affinen Geometrie’, Acta Sci. Math. (Szeged) 34, 297-300.

‘Uber die Riemannsche Grundlegung einer allgemeinen Mannigfaltigkeitslehre’, Ajatus 35.
(Essays dedicated to Professor Oiva Ketonen on the occasion of his sixtieth birthday 21
January 1973), Helsinki, pp.246-260.

‘Johdannoksi. Matematiikan ja logiikan tutkimuksen alkuvaiheita’. Luonnontieteellisen
tutkimuksen historiaa. (Edited by ViLHO NUTEMAA.) Eldvad historiaa 4. Taskutieto 127.
(Werner Soderstrom osakeyhtid, Porvoo-Helsinki), pp. 5-7, 23-29.

‘Menneisyys, nykyhetki, tulevaisuus’, Kanava 3, (Helsinki), pp. 391-395.

‘Matematiikan opetuksen tavoitteista’, Matemaattisten aineiden aikakauskirja 40, (Helsinki),
pp. 13-23.

Muisteltua. Kustannusosakeyhtio Otava (Helsinki),.244 pp. + 44 plates.

‘Opettajakunnan ddni’, Matemaattisten aineiden aikakauskirja 40 (Helsinki), pp. 282-283.

‘Vaikutelmia Erik Tawaststjernasta’, Musikvetenskapliga  sallskapet i  Finland.
(Kustannuosakeyhtié Otava, Helsinki), pp. 7-12.

(With PauL EDWIN KUSTAANHEIMO) Grundlagen der Geometrie. (1. Teil: Affine Geometrie der
Ebene von ROLF NEVANLINNA. I1. Teil: Finite Geometrien von PAUL E. KUSTAANHEIMO).
Lehrbiicher und Monographien aus dem Gebiet der exakten Wissenschaften.
Mathematische Reihe 43. (Birkhduser Verlag, Basel-Stuttgart, 135 pp.)

“Theory and application in exact science’, Bull. Math. Soc. Sci. Math. R. S. Roumanie (N. $.) 20 (68),
pp. 303-306.

‘Kokeista ja ajatuskokeista’, Ajatus ja analyysi, (Edited by Tauno Nyberg), Taskutieto 134.
(Werner Soderstrom osakeyhtio, Porvoo-Helsinki-Juva), pp. 83-95.

‘Randbemerkungen zum Begriff der Realitdt’, Logik, Mathematik und Philosophie des
Transzendenten. (Festgabe fiir Uuno Saarnio zum achtzigsten Geburtstag edited by Ahti
Hakamies). (Verlag Ferdinand Schoningh, Miinchen-Paderborn-Wien), pp. 61-66.

‘Lindeldf, Ernst’ [Finnish], Otavan suuri ensyklopedia 5, (K ustannusosakeyhtié Otava, Helsinki),
p.3752.

‘On the minimalmodulus of an entire function’. Compleksnii anal. i pril. (Complex analysis and its
applications) (Nauka, Moscow), pp.418-420.

‘Musiikkimuistoja’, Ihminen musiikin valtakentdssa. Juhlakirja Professori Timo Makiselle 6.6.1979.
(Edited by Reijo Pajamo), Jyviskyla Studies in the Arts 11 (Jyvdskylin yliopisto, Jyviskyli),
pp. 154-159.

‘Riemann, Bernhard’, [Finnish], Otavan suuri ensyklopedia 8 (Kustannusosakeyhtié Otava,
Helsinki), pp. 5729-5730.
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b ‘Suhteellisuusteoria’, Otavan suuri ensyklopedia 8, (Kustannusosakeyhtié6 Otava, Helsinki),
pp. 6485-6487.

¢ ‘Uber rationale Approximation meromorpher Funktionen mit dem totalen Defekt 2’ (Vortrige,
gehalten am 9. Dezember 1977 auf dem Festkolloquium zum Anlasse des 70. Geburtstages
von Prof. Dr. Dr.h.c. Ernst Peschl am Math. Inst. der Untiversitit Bonn), Bonn. Math. Schr.
121 (Sonderband), pp. 33-40.

WaALTER K. HAYMAN

Department of Mathematics,
Imperial College of Science and Technology,
Huxley Building,
Queen’s Gate,
London SW7 2BZ.
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